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Abstract

In multiple hypothesis testing, due to practical constraints, the number of
repeated measurements for each null may not be large enough in terms of the
subtle di erence between false and true nulls. Under this circumstance, we
show that (1) in order to have enough chance that the data to be collected
will yield some trustworthy ndings, as measured by a conditional version of
the positive false discovery rate (pFDR), the minimum amount of data has
to grow at a much faster rate than in the case where the number of repeated
measurements for each null is large enough, and (2) in order to control the
pFDR asymptotically as the di erence between false and true nulls tends to O,
the power decays to O but the rate is sensitive to small changes in the rejection
criteria and there is no asymptotically most powerful procedures among those
that control the pFDR asymptotically at the same level.

Key words and phrases:  Multiple tests, pFDR, likelihood ratio, Cramner-
type large deviations.

1 Introduction

Multiple hypothesis testing often faces situations where dstributions under false
nulls only have a subtle di erence from those under true nuls. To make the di er-
ence evident, it is necessary to make repeated measuremeritem the distributions.
As is well known, in order for the hypothesis tests to attain a xed power, the num-
ber of measurements for each null, henceforth denoted by, should be large enough.
Roughly speaking, if the di erence between the distributions under false nulls and
those under true nulls is , then k should be of the same order as 2. However,
in practice, oftentimes k cannot be large enough. There are many reasons for this:
the time window that allows measurements on the nulls is nite, the experimental
unit associated with each null can only undergo a limited nunber of measurements,
and so on. Under this circumstance, there are two important ad related issues.
First, if the underlying objective of the tests is to identif y even just a few false
nulls irrespective of power so that one can get useful cluesf further study, then
it may be reached by testing a great number of nulls. Indeed,n many cases, even
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though the di erence between false and true nulls is small, here is a chance that
some false nulls will generate observations with pronounak deviations from true
nulls, making them easily detectable. In order to increase e chance, one would
hope that N, the number of tested nulls, is as large as possible. Ofteries, however,
the amount of resources required for the tests is in proporttn to N or V = kV, the
\volume" of data. This imposes a constraint on N and V and raises the following
question: provided that k cannot be large enough, what is the minimum value of
N or V in order to have desirable test results?

The answer to the question directly puts constraints on the data to be collected.
At the same time, it depends on what performance criteria is $ed for the tests.
A well-studied criteria is pFDR , Where pFDR is the positive false discovery
rate E[Ro=RjR > 0], with R the number of rejected nulls andRg that of rejected
true nulls, and 2 (0;1) is a pre-speci ed target level [L3. Comparing to the false
discovery rate E[Ro=(R _ 1)] [1], the pFDR is more useful when the objective is
to detect some nulls [3, 5]. For these reasons, it is desirable to apply the idea of
pFDR to data directly. Denote by X the data to be collected for the tests. Under
a Bayesian framework, we propose the following variant of tle pFDR criteria,

P(inf E[Ro=RjR > 0; X ] ) p; (1.1)

where the in mum is taken over all applicable multiple testing procedures, with
E[Ro=RjR > 0;X] denedto be 1 if PR =0jX) =1, and p 2 (0;1) is pre-
specied as well as . By the criteria, N should be large enough so that with
probability no less than p, the data collected for N nulls will allow one or more
nulls to be rejected such that, if a follow-up study is to be comucted to verify their
truths, the expected fraction of false rejections will be nomore than

The second issue is straightforward, that is, even when an ditrarily large num-
ber of nulls can be tested, power may still be an important coern. Provided k
cannot be large enough, how much power can be hoped for?

The issue of minimumN or V can be thought of as a dual to the issue that given
N, how small the di erences between false and true nulls can béefore it becomes
virtually impossible to detect false nulls [cf. 7, and references therein]. The issue of
power is more extensively studied [cf9, and references therein]. However, the setup
here is di erent. First, both issues are considered in relaion to k and it is necessary
to take into account the fact that the distributions of test s tatistics not only depend
on the underlying data generating distributions, but also on k. Second, no sparsity
is assumed for false nulls. Instead, false nulls are assuméalbe increasingly similar
to true nulls, while k cannot increase fast enough to compensate for this. As a
result, the test statistics provide increasingly weak evigence to separate false nulls
from true nulls.

All our results are obtained for the case where distributiors under false nulls
and those under true nulls are known and the population fracton of false nulls is
known as well. In practice, especially in exploratory studes, while there may be
relatively much knowledge about distributions under true nulls, oftentimes there is
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little knowledge about distributions under false nulls or the population fraction of
false nulls. Thus, the case we consider is an ideal one and thmesults provide limits
on what can be achieved in more realistic cases.

Section 2 covers preliminaries and identi es the quantity central to the analysis.
Main results are stated in Section3 and proved in Section4. Section 3.1 studies
the asymptotics of the minimum N and V for general parametric models. Using
Craner-type large deviations, the results are establishedfor the case where the
growth of k is just a little slower than 2. It shows that in this case, the minimum
N and V have to grow much faster than in the case where is of the same order
as 2. Section 3.2 re nes the results for tests on scaled gamma distributions,
which allow more general assumptions on the growth ok. Section 3.3 considers
the issue of power. First, it gives the asymptotic power of tre common procedure
that uses a threshold for the posterior probabilities of nuls being true. Then it
shows that for any procedure that asymptotically controls the pFDR at a given
level as ! 0, while power decreases to 0, it is also sensitive to small ahges in
the rejection criteria and there is no asymptotically most powerful procedure among
such procedures. Sectiorb concludes the article with a summary and remarks.

2 Preliminaries

Denote by H1;:::;Hn the nulls. Suppose that to test eachH;, a sampleXj, ...,
Xik is collected. Let ; = 1fH; is falsey. The analysis will be conducted under the
following random e ects model:

given ; =0; Xj1;:::; Xk are Li.d. fo(X);
given ; =1; Xj1;:::; Xk are Li.d. f1(x);
where O< a < 1 is the population fraction of false nulls, andfg and f, are proba-

bility densities under true nulls and false nulls, respectvely; see for example §, 10].
In this article, we will only consider the case wherea is xed.

Under the setup, the data isX = fXy; k=1;:::;N; | =1;:::;kg. By the
Bayes rule,
P(i=0jX)=P(i=0jXj;j=1;:::;Kk)
2 3,
— 494 2 ¥ fa(Xij) 5
1 a _ fo(Xj)



Therefore, theeventfP( i =0jX) g is equivalent to
8 9
SYofaxg) @ @ )T

k) =
B(k) =, - FolXi) a ;

2.1)

On the other hand, following [5], a multiple testing procedure is a mapping

such that H; is rejected by the procedure if and only ifd;(X ) = 1. Then by [ 5],
2 33
N a Y fa(Xy )5

. 41+
my 1 a_ foXy)

\
infE —|R> 0;X
in R

N
minP( ;i =0jX):
1=
Combining the above results, the criteria (1.1) can be rewritten as
P(at least oneE (k) occurs i =1;:::;N) p: (2.2)

For xed Kk, the events E (k) are independent of each other and have the same
probability, which depends on both k and the di erence between false and true
nulls. Suppose the di erence is parameterized by . Denote

P, ()= P(E(K)); (2.3)
forany i 1. Then (2.2) is equivalent to

Inl p) .
(1 p ()

The case we will focus on is where the false nulls are increagjly similar to
true nulls while k cannot increase fast enough to compensate for the decreagin;
more specically, ! Owhilek!1 ata slower rate than 2. Then, as maybe
expected,p. ( ) ! 0. Provided that the growth of k makes surepy. ( ) > 0, the
minimum number of nulls and volume of data to satisfy (1.1) are

1+ o(1)) 1 1+ o(1))k 1
= In .V =kN = In : 2.4
P () 1 op P () 1P @4
respectively. Thus, the main task of the analysis will be to nd the asymptotic of

P ()

1 @ pe( OV p; oor

3 Statement of main results

Recall that a is assumed to be xed. Henceforth, denoteQ =(1=a 1)(1= 1).
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3.1 Data volume for general multiple tests

Suppose the observationsj; take values in a Euclidean space and bothfgandf,
belong to a parametric family of densitiesff ; 2 g with respect to the Lebesgue
measuredx on , where is an open setin RY. Supposefo=f ,andf,=f . Let
“(;x)=Inf (x). Suppose that for eachx 2 , “(;x) is twice di erentiable with

@ (;x) .
@@,

@(;x).... . @x) .
@ =~ @

We assume thatff g satis es regular conditions so that
E[€;X)]=0; Var [{(;X)]= E[(:X)=1();

where | () is the Fisher information and E and Var denote the expectation and
variance underf , respectively [cf. 15]. For each ; 02 | by Taylor expansion,

(% )TAG S ).
> ,

+£;x)= *(;x) =

(o) TGx)= )T )+

whereA(; %x)isad dsymmetric matrix. Under regular conditions, one would
expect that as %! |, E [A(; ®X)]! E[*(;X) = 1(). However, for our
discussion, a few stronger assumptions are needed.

Assumptions.
1. 1 ( o) is positive de nite.

2. ThereisC > 0andr> 0O,suchthatjl() 1(o)j Cj oj for 2 with
j oj<r.

3. Mz:==sup , EjY;X)i®<1.

4. Forany > 0, there are positive numbersr, o and , such that forany and
02 with | Y<r,if Xy;Xo;::areiid. f ,then
I

AC; SXD+I() > oe K (3.1)
i=1

forall k 1, where for any matrix A = ( a; ), KAk = max jg; J.

As o! 0, false nulls become increasingly similar to true nulls. Acording
to asymptotic theory, in order to attain a xed power while ke eping the same sig-
ni cance level for the tests, k should grow at the same order as (o) 2. On the
other hand, the results below deal with the case wherd grows a little more slowly.
We rst consider the univariate cased = 1.



Theorem 3.1 Let Q > 1. Denote = o! 0. Suppose the sample size per
null satis es

s()

1
= . | |
k such that s( )!1 and na=2

2s( )’

Then,as ! o,

Oas ! O (3.2)

S

(1 a)a P kI ( o) exp (InQ )?

Pe: () =(1+ 0ol)) 21 ) InQ W ;

(3.3)
and hence the minimum number of nulls and the volume of data inrder for (2.2)
to be satis ed are determined by 2.4).

Note that Q > lifa+ < 1. In practice, sincea is usually much less than 1
and is small or only moderately large, the assumptionQ > 1 is not restrictive.
The multivariate case d > 1 can be derived as a corollary.

Corollary 3.1 Let Q > 1. Denote = 0. Suppose the sample size per null
satis es (3.2), with 2 being replaced by j2. Then,as ! o,
s___ "~
P
1 aa Kk InQ )?
po ()=@+ o) &2 K, Q) (3.4

2@ ) InQ ka()
whereg( )= TI( o) .

For the special case wherd are normal densities parameterized by shift, the
result in Theorem 3.1 holds with weaker restrictions on (; k).

Corollary 3.2 Let Q > 1. Supposek !1 whilek 2! Oas(;k)! (0;1).

Let f be the densities ofN (; 2), with 2 being known. Then, as ! o,
S

i e 2
b ( )=+ o)) & A k= n® )

2@ ) InQ P xe=2

From Theorem 3.1 and (2.4), the minimum data volume is

2@ ) JkinQ - (nQ)

1 aa ' 1(,) 2kl ( o) 2
On the other hand, if k has the same order as 2, then by the Central Limit

Theorem, in order to satisfy (2.2), N only needs to be a large constant and/ is
of the same order as 2. To see in [yvhlch case the minimum data volume is larger,

V = kN =(1+ o(1)

it su ces to compare the order of —Xexp k% and that of 2 as ! 0, where
¢ > 0is a constant. Byk = Wlth s()!1 |, the ratio of the two is
pR n c 0o ecs( ) 1
exp — = p——"!
"k TS0

Therefore, when k cannot grow as fast as 2 a much larger volume of data is
required.



3.2 Multiple tests on scales of Gamma distributions

Denote by Gammafa; b) the Gamma distribution with shape parameter a and scale
parameter b. Multiple tests on the scales of Gamma distributions have ben used
as a case of study in the literature ]. Fix > 0. Let fo(x) be the density of
Gammay(; 1) and f 5(x) that of Gamma( ; 1+ ), where > 0. Then

X 1 x. B X 1e x:(1+). '
() T RE Ty e

Since the detail of the tail probabilities of the likelihood ratios for Gamma
distributions are available, we can get the asymptotics ofN and V for a much
wider range of values ofk than for the general case.

fo(x) =

Theorem 3.2 Let fg and f, be as above an@) > 1. Suppose

(:k)! (0;1) suchthat k '1 :k?! O (3.5)

Then, denoting (t) =t % InL+t) fort> 1,

s p
k I 2 I
P ()=0% o) 5 PEgee o kRS

(3.6)

3.3 Asymptotics of power

So far we have considered the constraints oWN and V by and k. It is also of
interest to consider how and k a ect power when the pFDR is controlled around
the target level. For xed and k, the issue of how to achieve maximum power
while controlling various error rates has been studied preiously [2, 12, 14]. Under
the current setup, we consider the issue when one is able togean arbitrarily large
number of nulls. Let Ny and R; = R Rg denote the number of false nulls and
that of rejected false nulls, respectively. Then

power; = |\|1|'T E[Ra=Na]; pFDR; = ,\Illm E[Ro=RjR > 0];

provided they exist, characterize power and the pFDR whenN N . Observe
that power; depends onpy. ( ), which is increasing in ; see .93).
First, consider the thresholding procedured such that

d(X)= 1fP(;=0jX) g:

i.e., it rejects Hj ifand only if P( ; =0jX)



Proposition 3.1  Suppose(;k) ! (0;1 ) such that

pe: ( )! O while staying positive, and (3.7)
P ( 1)=ofpg; () forany O0< 1< (3.8)

Thenford,asN!1 , Raz=N, !P power; , and as(;k)! (0;1),

@ e ().
a

power; =(1+ o(1)) ; pFDR; =1+ o(1)) : (3.9)

Proposition 3.2  Let (; k) satisfy (3.7) and (3.8). Consider procedures that satisfy
(1) Ra=Ng s power;, asN !'1 forany xed andk, and
(2) as(;k)! (0;1), impFDR,

Supposed is one such procedure and is more powerful thad , then forany > |,

power, (L+ o(1))pk?§12); PFDR,; =(L+ o(1)) ; (3.10)

when(;k)! (0;1) as described.

It is not hard to see that provided Q > 1, px. ( ) given in Theorems 3.1 and
3.2 satis es (3.7) and (3.8) and therefore the above results apply. Comparing 8.9)
and (3.10), one question is whether we can get a procedure that has the ost power
among those that satisfy conditions (1) and (2) in Proposition 3.2, and in particular,
whether d is such a procedure. We next show that in general the answer igo.
This can be seen by using a sequence of thresholding proce@srsuch that for each
(;k), the threshold is just a little bit greater than . Speci cally, for each (;k),
let d be the procedure

di(X)=1 P(;i=0jX) +ck?

where ¢ is any given number. We only consider the case covered by Theam 3.1
The case covered by TheorenB.2 yields similar results.

Proposition 3.3 Let X and (;k) be as in Theorem3.1. Denote by power; the
asymptotic power ofd for each(;k). Given M > 1, let

c=(1 I (o)iInM=InQ :
Then d satis es conditions (1) and (2) in Proposition 3.2 and
power; = (1+ o(1))M power; :

More generally, there are no asymptotically most powerful pcedures that satisfy
conditions (1) and (2) in Proposition 3.2.



4 Technical details

4.1 Proofs for general multiple tests

Recall that there is an absolute constant > 0, such that for any Z;;Z,;::: i.i.d.
random variables with EZ, =0, Var(Z1)= 2> 0andEjZ4j®< 1,
!
1 X E jz43

t P — Zi — o k=120 4.1
(v PR A 3K+ jtj3) 1
where (t)=1 (t)=1 P( t) with N (0; 1) [cf. 11, Bikjalis' theorem].
Also, recall that ast!1

t2=2

e
(=0 =01+ 0(1))%: (4.2)
Proof of Theorem 3.1. For 2 R, let = o. Then
. . . A( o; ;x) 2
(%) (o= Yo + ALEXS @3)
. A(; 0;X) 2
= x) AL ox) T ; )~ (4.4)
According to (2.4), we need to computepy. ( ). It is easy to see
P ()= &P (Ex)+ aP (Ek); (4.5)
where P stands for the probability measure with density f and
( )
XK

Ex = CGXq) (oXi)] InQ
i=1
with X 1;X2;::: being i.i.d.
Under f ;, £ o;Xi) are i.i.d. with mean 0 and variance | ( o). Given > 0,
de ne events
C % )
A( o; ;X i)+ 1( o)
i=1
Denote Zj = ( o;Xj). By (4.3),
F \ Gk Ex\ G Fi\ Gg;
where, for 6 g,

C sign() % ,

Kl ( 0) i=1



with

_nQ + 1k(|( 0 )2
K0 ] '

Without loss of generality, we only consider the case > (. Then

PoF) P,Gy) P Ek) P F+)+ P (Gp): (4.6)
By (4.1) and Assumption 3,

M 3
K1( 0)32(1+ ju 13)

3

(u) Po(F)

We need the following results.

Lemma 4.1 If k satises (3.2), then,as ! 0,

u? =2
(u)=Q@+ 0(1))197 (4.7)
1 —_ .
F’m =o((u)); (4.8)
P,(GR)=o((u): (4.9)

Assuming Lemma4.1 is true for now. By (4.6), there isri ! 0, such that
u2 =2 u? =2
(1 fk)Pi Po(Ex) (1+ rk)Pi
Sincek 2! 0,

U u InQ
oo K ( o)

On the other hand,

2:(|nQ)2+(|(0) )inQ  (1(Co) )%k 2.
kI( o) ? I ( o) 4l ( o) .

By Assumption 1, | ( ¢) > 0. Since > 0 is arbitrary and k 2! 0, we then get

KI'( o) (nQ)*> 1nQ
P,(Ex)=01+ o(1))|9|7Q KI( o) 2 > (4.10)
With similar argument, now applied to ;X ;) under f ,
Y
k() (nQ)* _ InQ
P (Ex)=(1+ 0(1))\9|7Q P o ()2 e
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where the positive sign of% InQ in the exponential is due to the negative sign of
%A(; 0;X) 2in (4.4). By Assumption 2, there are constantsC > 0 andr > 0,
such that forj j<r,
1 1 c
KI()2 Ki(o) 2 Kkjjl2(o)
Sincek !'1 it follows that

P 2
P (Ex)=(1+ o(1))972k'|(n‘g exp 2(||<r|1(Qo)) S+ '”S (4.11)

Combining (4.5), (4.10), and (4.11), while noticing that
r .
gno=2- @1 3@ )
a 1
it is seen that (3.3) follows.

Proof of Lemma 4.1. Becauseu !1 as ! 0, (4.7 follows from (4.2). To show
(4.9), it suces to show =~ kuZe Y 211 as ! 0, or, equivalently,

Ink u? +4inu !1
Becauseu is of the same order ass% andk 2! 0, itis seen the above asymptotic
follows if k% = o(lnk),or(kink) 211 . Nowbys()!1 ands()= o(ln(1=)),
1
2s( )

To show (4.9), let > 0 be asin @.1). Then P  (Gf) is of the same order ase ¥ .
By (4.7), it suces to show u? = o(k). Sinceu? is of the same order as Hk 2)
andk !1 | the last claim is proved.

(kInk) 2= 2In 2 Ins() 2?11

Proof of Corollary 3.1. In place of (4.3) and (4.4), we have
TA(0; ;X) TAG X)) |
2 2 '

Let e= =j j. Underf ,, ( o;X;)"e are i.i.d. with mean 0 and variancev( o)
el ( g)e > 0; under f , ;X {)Te are i.i.d. with mean 0 and variance v( )
e’ 1 ( )e. Applying the proof of Theorem 3.1t0 ( o;X;)Teand ;X ;)T eyields

S——Mp
@ aa k()] (InQ )
P () Ta )y The P (0 R

Sincev( o)j j2= TI( o) , (3.4) then follows.

= ;x)7

(x) (ox)= Lox)T o+
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Proof of Corollary 3.2. For normal densities, there is no need to use the approxi-
mation (4.1). By directly using (4.2), the result can be proved. For simplicity, the
detail is omitted.

4.2 Proofs for multiple tests on Gamma distributions

P
In this section, we prove Theorem3.2. Let X 1;X32;::: be i.i.d. and S¢ = :(=1 Xk.
Under fog, Sy Gamma(k ; 1), so
121
k 15 s . .
S e °ds; x> 0:
(k) «

On the other hand, underf,=f ,S¢ Gamma(k; 1+ ), so

P(Sk x)= Gk(x)=

X
1+

P(Sk x)= Gk

YOf (x) X _ Kk In(l+ )+h Q12+ ).
fo(xi) Q 0 X Ges '

i=1 i=1

The goal is to nd the asymptotics of Gy (ck) and Gg(dyx), where

d = & _ k In1+ )+InQ
k=737 7 ;
By power expansion, for 2 ( 1;1),

2 3

ps o 1
o = 4k ( 1) 1j—+InQ5 Z+1
j=1

InQ

b o
+ k ( 1) 1j—+InQ

b S ;]
k _( 1)1.—+1+ N
0 j=1

j_
InQ Xy

k + + k — T
= D0 +2)

InQ :

Becausek !'1 while k 2! 0, itis seen that in the last sum, every term is of an
in nitesimal order of its previous one.
To nd the asymptotic of Gy(ck), let

z=k; s=2z(1+t);, b=InQ : (4.12)
Then by (3.5),

z =k 1 ;z2%2=k 21 0 (4.13)
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With the variable substitutions in ( 4.12),

z%e 221
G (o) = 1+ t)? te ?dt
(2) Z£+D(;z)
I {z }
1(z;)
here, letti Py
where, letting r( ) = =0 GF(j+2)
b
D(;z)=r()+ E: (4.14)

Observer()! 1=2as ! 0. By (4.13, itis not hard to check that D(;z)
=2. Also, for any z > 0, (1 + t)? e %' is strictly decreasing int > 0. Given
0< 1, using (4.13 again,

Z Z 3
J(z; ):= (1+ 1) e Zdt 1+ 1) le Ztdt
2+D(;2) 2
z 1
1+ 3b e 3b= B
Z
( K )
@ ex it) } %) (Z 1) it) E ex 3 B
P z 2 z z P z2 z

for someC > 0, where @) is due to In(L+ x) x x?=2 for x > 0. Therefore,
J (z; )¥?! 1. On the other hand,

Z 1 1=z
1+ 1) e #dt | sup(l+te '< 1
t

As aresult, forany > 0,1(z; ) J(z; ). Since is arbitrary, it follows that we
can replace (1 +t)? 1 in the integrand to (1 + t)? to get
Z Z

1(z; ) (1+ t)%e 2dt = e 7 Odt; (4.15)
2+D(z) 2+D(;z)
where
"=t In(1+t):
By ' qt) = ﬁ ' (t) is a strictly increasing function from (0;1 ) onto (0;1 ) with
smooth inverse' (u). On the other hand, for 0 <t 1,
2

' (t) = %+ otd; ast! 0
As aresult,asu! O+, ' Hu =1+ o(l))pﬁ and hence
1 1 1+ o1
= “O() asu! O

' 1 — —_
C W= iy Ty T P
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By (4.15 and the arbitrariness of > 0 as well as the above properties of ,
Z. Z
@) 1

e ZUu e ZUu
[(z; ) p—du p—du=Ig:
"(L+D(z)) 2 ‘(L+D(iz) 2
By variable substitution u = v=z,
Z
1 -1 1
1= p= p—e Vdv:

Z 72 (b+D(;z)) 2V

SincezD(;z)!1 andD(:z)! 0, by'(t) t?=2ast! 0,

b z b ? P
1 e . - o e | .
z - +D(;2) > 5 222.l : (4.16)
Then by Z,
t%e 'dt x% X; asx!1
X
for any a, by (4.16
l1 pl—zs ! exp Zz' z£+D(;Z)

b
1 + .
2z - D(;z)

Bexp z' z£+ D(;z)

Because (t) ="' (t) % we get

b 2

b . b .
Z—+ D(;z) +z Z—+ D(;z)

z' Z—+ D(;z)

NI N

First, by (4.13),

z b oy 2. B bD(;z) , z(D(;2))?
> 7 *PGz) =550 A
B b b  z 2
T2t O, vy Oy
¥ b
= g2t gt ol
Second, since {x) = ' qx) x=1 & x= = by Taylor expansion and

(4.19
z z£+ D(;z) z ZE



As a result,
b 2 b
Y+ D(: = — _+ —+ — +0(1
2 —+D(iz) =5+ ,+z  — +o)
and hence

b

To get the asymptotic of Gi(ck), by Stirling's formula,
r

4 z + z z o
ze f_(Arolpzie f_ 1, oy 2
(Z) (Z:@Z 2=z
Therefore,
r_
z > b b
To nd the asymptotic of Gy(dyk), observe
R i1
de=k +MQ 4y 7 LY 7 .1)+2
=0 |
With the same variable substitutions in (4.12),
z
7Z@ Z 1
Gi(dk) = 1+ t)% e 2dt;
(0= ", 0
where
b
L(;z)= r()+ E; (4.18)
. _ (), 1 ,
with r( )= vz > as 0
j=0
Then, with the same argument for Gi(cy),
Z’e * 1 1 b
_s Y+ L(;
Gy (dk) 2 P= " exp  z' - L(;z)

22" —+L(:z
—+L(:2)

exp Z' z£+ L(;z)
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As a result
r_

z > b b
Gk(dk) ?B eXp P + 5 z ; (419)
According to the notations in (4.12)
S————p
(1 aa _ k (InQ )? InQ

The proof is complete by @2.4).

4.3 Proof for the asymptotics of power

Proof of Proposition 3.1. For xed N,

X X X
R=R(X)=  d(X) Ro=  d(X)AL ) Ra=  d(X)i:
i=1 i=1 i=1

Given X with R > 0,

' 1 X _ :
ERo=RjX]= o E[fP(i=0jX) g@ 9)jX]

i=1

LN

=g LfPCi=0jX) gP(i=0jX)

i=1

1 X . o _ .

ﬁ 1 P(i—OJX) g=:

i=1

well-de ned to take expectation over X with R > 0, giving E[Ro=RjR > 0]
As a result, pFDR; for all (k; ). On the other hand, given <

E[Ro=Rj X ]

E[1f P(i=0jX) g §)jX]
i=1

1f  P(i=0jX) g:

Under the random e ects model and the weak law of large numbes (WLLN),

R=(1+ op())pc; ( IN;

1t PCi=0jX) g=@1+ opMlpe; () Pe (IIN;
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where 0,(1) stands for some sequence of random variableg; that may change from

line to line and satisfy y P 0asN 11 . Taking expectation over X with R> 0
and then letting N ' 1 |

Pe; () e ()],
P () .

pFDR 4

By (3.8), impFDR , . Since is arbitrary, lim y pFDR; =
By the random e ects model, p.. ( ) =(1 a)Po(Ek( ))+ aPa(Ek( )), where
Po and P, arehESe probability disgibutions under true and false null s, respectively,
k

and Ex( )= i1 IZ&:? Q with Xq;:::;Xk. By the WLLN,

Ro=R" (1  @)Po(Ex( )=pc ( );

and by the limit of pFDR ; and the WLLN
E[Ro=RjX ]! pFDR; =(1+ o(1)):

Combining the limits, aP4(Ex( )) = (1 + o(1))(1 )Pk: (). Since power =
Pa(Ek( )), it follows that d satis es (3.9).
Finally, since Ra = (1 + 0p(1))aPa(Ex( ))N and Na = (1+ o0p(1))aN, it is easy

to see that Rz=Nj P power; .

Proof of Proposition 3.2. Let d be a procedure more powerful thand while satis-
fying (1) and (2). Let ( ;k) be xed rst. Given0 < 1< < ,, let
RO =#fi:P(;=0jX)< 1 di(X)=1g;
R@=#fi: 1 P(i=0jX) 2 di(X)=1g
R®=#fi:P(i=0jX)> 5 d(X)=1g

Then R = RM + R® + RG) and by the random e ects model, for any X with
R> 0,

1R@ + LRE)
R ;
By assumption (1) and the WLLN, R; = (1 + op(1))power, aN asN ! 1

Clearly, R Ra. Becausedis at least as powerful ad , power; (1 )p: ( )=a
Therefore, R is at least of the same order agk. ( )N. On the other hand, since

E [Ro=Rj X ] (4.20)

RO #fi:P(;=0jX)< 19=(1+ 0p(1)) pk; ( 2)N;
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by (3.8), RM = 0,(1)R, R@ + R® = (1+ 0y5(1))R. Therefore,

RO+ RO _ 14 gy 2RO+ 2RO
R h P .+ R®@ + RGO

R®
=(1+ Op(l)) 1+( 2 1)? :

Combine this with (4.20). Taking expectation over X and letting N !'1  vyield

pFDR; 1+( 2 1)N@ E[R®=RjR> 0]

Let(;k)! (0;1). Aslimy pFDR; and 1< isarbitrary, the inequality
implies that pFDR ; satis es (3.10). Furthermore, limy E[R®=RjR > 0] = o(1),
which gives

h i
@E R®=R@jR> 0 = o(1); as(;k)! (0;1): (4.21)

SinceR®W + R@ s no greater than the number of nulls withP( ; =0jX) 5,
which is (1 + 0p(1))px: ( 2)N,

#
. R _ RD + RO
power; NIl!gn E N. =(1+ o(1)) ’\Il!q] E N,

@+ oy Pl 2.

Therefore, powey satis es (3.10).

Proof of Proposition  3.3. Denote y = + ck 2. By the WLLN, d satis es
condition (1) of Proposition 3.2. For each (; k), dis a thresholding procedure. Then

it is seen that pFDR . Sincek 2! 0, d satis es condition (2). Following the
same argument that leads to @.11),
pkl( ) (nQ )®> InQ
0
ower;, =1+ o(l)) p— ex o+ .
powen =+ AP0 P Ao 2" 2

BecauseQ , ! Q , it boils down to showing

(nQ ,)* _ (nQ )?
exp (o) 2 =(1+ o(L)M exp XK (o) 2
By Taylor expansion,
T k_ ck? 212y.
nNQ, InNQ =In 1 In — = ﬁ+O((k )9):



As a result,
(InQ ,)2 _ (InQ )? cinQ
2ki(o0)2 2kI(o0)2 (1 )I (o)
By the de nition of c, the result follows.

Finally, we show that among procedures that satisfy the condtions of Propo-
sition 3.2, no one is asymptotically the most powerful. It su ces to show that for
any such procedured that is more powerful than d , there is yet another one more
powerful than d. First, by diagonal argument and the argument at the end of the
proof for Proposition 3.2, there are | ! such that power; 2p: (k)= for
lage k. Now we use the same construction as above. Letf;J =+ ok 2, with

=1 k) kl(oM=InQ :

whereM > 0. The thresholding procedure using Ck’ as cut-o s satisfy the conditions
of Proposition 3.2. It is seen that as long asM is large enough, the power of this
new procedure will be greater than 4. ( k)= , and hence at least twice as large
as powey .

+ O(k ?):

5 Summary and remarks

This article studies the issues of minimum data volume and pwer whenk = o(  2),
i.e., the number of repeated measurements for each null is noh smaller than the
squared di erences between false and true nulls. It shows tat in this case, in order
to meet a pFDR based performance criteria, the minimum data wlume has to grow
much faster than in the case wherek is of the same order as 2. It also shows
how fast power will decay to 0 and the sensitivity of the powerto small changes in
rejection rules.

The results are essentially due to the fact that whenk is not large enough,
evidence against true nulls can only come from values of tesstatistics far away
from the \normal" ones. When k increases more slowly than 2 but faster than

1 such values can be treated as moderate deviationss], which can vyield the
log-growth rate of the minimum data volume but nevertheless nay not be accurate
enough to give the growth rate itself.

The article does not consider the case wherd is only of the order of 1.
Analysis in this case seems to require the large deviationsrimciple [4, 6] and can
be quite subtle.
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