
U-STATISTICS

Let X 1; X 2; X 3; ¢¢¢ be iid with df F de¯ned on R. Consider a function µ ´

µ(F ) for which there exists an unbiasedestimator. Then µ(F ) may be represented

µ(F ) = EF h(X 1; ¢¢¢; X m ) =
R

¢¢¢
R

h(x1; ¢¢¢; xm )dF(x1) ¢¢¢dF(xm ) for somefunc-

tion h, called the kernel. Also, m is the minimum samplesizerequired to estimateµ

unbiasedly. Without lossof generality, we assumeh is symmetric in its arguments,

becauseotherwiseh could be replacedby (m!)¡ 1
P

1· i 16= ¢¢¢6= i m · m h(X i 1 ; ¢¢¢; X i m ). De-

¯ne

Un = U(X 1; ¢¢¢; X n ) =
³ n

m

´ ¡ 1 X

1· i 1

X

< ¢¢¢<i m · n

h(X i 1 ; ¢¢¢; X i m ):

Hence,Un is an unbiasedestimator of µ.

Example 1. µ(F ) = ¹ (F ) =
R

xdF (x). Take h(x) = x.

Then U(X 1; ¢¢¢; X n ) = n¡ 1
P n

i=1 X i = ¹X n .

Example 2. µ(F ) = ¹ 2(F ) = (
R

xdF (x))2. Then h(x1; x2) = x1x2.

Then U(X 1; ¢¢¢; X n ) =
¡ n

2

¢¡ 1 P
1· i<j · n X i X j .

Example 3. µ(F ) = ¾2(F ) =
R

(x ¡ ¹ )2dF(x). Here h(x1; x2) = 1
2(x1 ¡ x2)2.

Hence,U(X 1; ¢¢¢; X n ) =
¡ n

2

¢¡ 1 P
1· i<j · n (X i ¡ X j )2=2 =

P n
i=1 (X i ¡ ¹X n )2=(n ¡ 1):

Example 4. µ(F ) = F (t0) =
Rt0

¡1 dF(X ). Soh(x) = I [x· t0 ].

SoU(X 1; ¢¢¢; X n ) = n¡ 1
P n

i=1 I [X i · t0 ] = Fn (t0).

Example 5. µ(F ) = EF jX 1 ¡ X 2j; h(x1; x2) = jx1 ¡ x2j.

There U(X 1; ¢¢¢; xn ) =
¡ n

2

¢¡ 1 P
1· i<j · n jX i ¡ X j j.

Example 6. µ(F ) = PF (X 1 + X 2 · 0) = EF I [X 1+ X 2 · 0].

Hence,U(X 1; ¢¢¢; X n ) =
¡ n

2

¢¡ 1 P
1· i<j · n I [X i + X j · 0].

THEOREM 1. Let Sn ´ S(X 1; ¢¢¢; X n ) be a statistic with EjSn j < 1 basedon iid

X 1; ¢¢¢; X n . Then there exists a corresponding U statistic Un with E(Un ) = E(Sn )
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and V(Un ) · V(Sn ).

Pro of. De¯ne Un = (n!)¡ 1
P

1· i 16= ¢¢¢6= i n · n S(X i 1 ; ¢¢¢; X i n ). Then, sinceX 1; ¢¢¢; X n

are iid,

E(Un ) = (n!)¡ 1
X

1· i 16=

X

¢¢¢6= i n · n

ES(X i 1 ; ¢¢¢; X i n )

= (n!)¡ 1
X

1· i 16=

X

¢¢¢6= i n · n

ES(X 1; ¢¢¢; X n ) = E(Sn ):

Next write § n assummation over all f i 1; ¢¢¢; i n ; j 1; ¢¢¢; j ng such that 1 · i 1 6= ¢¢¢6=

i n · n and 1 · j 1 6= ¢¢¢6= j n · n. Then, sinceX 1; ¢¢¢; X n are iid, by the Schwarz

inequality,

V(Un ) = (n!)¡ 2§ n Cov[S(X i 1 ; ¢¢¢; X i n ); S(X j 1 ; ¢¢¢; X j n )]

· (n!)¡ 2§ n V
1
2 [S(X i 1 ; ¢¢¢; X i n )]V

1
2 [S(X j 1 ; ¢¢¢; X j n )]

= (n!)¡ 2§ n V
1
2 [S(X 1; ¢¢¢; X n )]V

1
2 [S(X 1; ¢¢¢; X n )]

= V[S(X 1; ¢¢¢; X n )] = V(Sn ):

Hoe®ding'sDecomposition

For simplicity of notations, ¯rst considera kernel of degree2. A kernel with an

arbitrary degreewill be consideredlater. We continue to assumethat X 1; ¢¢¢; X n

are iid and h is symmetric in its arguments. AssumeEF jh(X 1; X 2)j < 1 . De¯ne

h1(x1) = EF [h(X 1; X 2)jX 1 = x1], ~h1(x1) = h1(x1) ¡ µ(F ), ~h2(x1; x2) ´ ~h(x1; x2) =

h(x1; x2) ¡ µ(F ). Also, let

g1(x1) = ~h1(x1); g2(x1; x2) = ~h2(x1; x2) ¡ g1(x1) ¡ g1(x2):
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Then,

Un ¡ µ(F ) =
³ n

2

´ ¡ 1 X

1· i 1

X

<i 2 · n

~h2(X i 1 ; X i 2 )

=
³ n

2

´ ¡ 1 X

1· i 1

X

<i 2 · n

[g1(X i 1 ) + g1(X i 2 ) + g2(X i 1 ; X i 2 )]

=
2
n

nX

i =1

g1(X i ) +
³ n

2

´ ¡ 1 X

1· i 1

X

<i 2 · n

g2(X i 1 ; X i 2 ):

If EF jh(X 1; X 2)j < 1 , then by the conditional versionof Jensen'sineqality,

EF jh1(X 1)j = EF jEF h(X 1; X 2)jX 1j · EF EF (jh(X 1; X 2)jjX 1) = EF jh(X 1; X 2)j < 1 :

Accordingly, EF jg1(X 1)j < 1 ; EF jg2(X 1; X 2)j < 1 . Also, EF [g1(X 1)] = 0,

EF [g2(X 1; X 2)jx1] = g1(x1) ¡ g1(x1) ¡ 0 = 0 so that EF [g2(X 1; X 2)] = 0. In addition,

if EF h2(X 1; X 2) < 1 , onceagain applying Jensen'sinequality for conditional expec-

tations, EF [g2
1(X 1)] < 1 ; EF [g2

2(X 1; X 2)jX 1] < 1 ) EF [g2
2(X 1; X 2)] < 1 . Hence,

for i 1 6= i 2 6= i 3,

EF [g2(X i 1 ; X i 2 )g2(X i 1 ; X i 3 )] = EF EF [g2(X i 1 ; X i 2 )g2(X i 1 X i 3 )jX i 1 ]

= EF [EF (g2(X i 1 ; X i 2 )jX i 1 )EF (g2(X i 1 ; X i 3 )jX i 1 )]

= EF (0:0) = 0:

Also, for i 1 6= i 2 6= i 3 6= i 4,

EF [g2(X i 1 ; X i 2 )g2(X i 3 ; X i 4 )] = EF [g2(X i 1 ; X i 2 )]EF [g2(X i 3 ; X i 4 )] = 0:0 = 0.

Hence,

EF

hP
1· i 16= i 2 · n g2(X i 1 ; X i 2 )

i 2
=

¡ n
2

¢
EF g2

2(X 1; X 2).

Hence,EF

h¡ n
2

¢¡ 1 P
1· i 1<i 2 · n g2(X i 1 ; X i 2 )

i 2
=

¡ n
2

¢¡ 1
EF g2

2(X 1; X 2) = O(n¡ 2).

Thus, nEF

h¡ n
2

¢¡ 1 P
1· i 1<i 2 · n g2(X i 1 ; X i 2 )

i 2
= O(n¡ 1).

Hence,
p

n[Un ¡ µ(F )] = 2p
n

P n
i=1 g1(X i ) +

p
n

¡ n
2

¢¡ 1 P
1· i 1<i 2 · n g2(X i 1 ; X i 2 ),
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where
p

n
¡ n

2

¢¡ 1 P
1· i 1<i 2 · n g2(X i 1 ; X i 2 ) = Op(n¡ 1

2 ).

Also, g1(X 1); ¢¢¢; g1(X n ) are iid with zero mean and variance EF [g2
i (X 1)] = ³1(F )

(say). Note that ³1 < 1 if EF h2(X 1; X 2) < 1 . Assume³1 > 0. Then, we have the

following CLT for U-statistics.

THEOREM 2. AssumeEF h2(X 1; X 2) < 1 and ³1 > 0. Then, for U-statistics with

kernel h(X 1; X 2) of degree2,

p
n(Un ¡ µ(F ))

dF! N (0; 4³1(F )):

The above representation gives us more than just the CLT for U-statistics. For

exampleusing this representation, it is very easy to compute the variance of a U-

statistic when onerecognizes

EF [g1(X 1)g2(X 1; X 2)] = EF EF [g1(X 1)g2(X 1; X 2)jX 1]

= EF [g1(X 1)EF (g2(X 1; X 2)jX 1)] = EF [g1(X 1):0] = 0:

Thus,writing ³2(F ) = EF [g2
2(X 1; X 2)], it follows that VF (Un ) = 4

n ³1(F )+ 2
n(n¡ 1) ³2(F ).

The crux of this representation is that it expressesa centered U-statistic as a linear

combination of uncorrelatedU-statistic like terms, although such terms are not gen-

uinely statistics.

We now show somesimple applications of the above theorem.

Example 1. Un = (n ¡ 1)¡ 1
P n

i=1 (X i ¡ ¹X n )2 =
¡ n

2

¢¡ 1 P
1· i<j · n (X i ¡ X j )2. Now,

h(x1; x2) = (x1 ¡ x2)2=2 = f (x1 ¡ ¹ (F )) ¡ (x2 ¡ ¹ (F ))g2=2. Hence,if EF (X 2
1 ) < 1 ,

writing ¾2(F ) = VF (X 1), h1(x1) = EF [h(X 1; X 2)jX 1 = x1] = 1
2 [(x1 ¡ ¹ (F ))2 + ¾2(F )].

Thus g1(x1) = h1(x1) ¡ ¾2(F ) = 1
2

·
(x1 ¡ ¹ (F ))2 ¡ ¾2(F )

¸
:

Now if EF (X 4
1 ) < 1 , then ³1(F ) = EF [g2

1(X 1)] = 1
4(¹ 4(F ) ¡ ¾4(F )).
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Hence,if ¹ 4(F ) 6= ¾4(F ), then
p

n(Un ¡ ¾2(F ))
dF! N (0; ¹ 4(F ) ¡ ¾4(F )).

Example 2. µ(F ) = EF jX 1 ¡ X 2j; Un =
¡ n

2

¢¡ 1 P P

1· i<j · n jX i ¡ X j j

Here h(x1; x2) = jx1 ¡ x2j so that h1(x1) = EF [jX 1 ¡ X 2jj x1].

Hence, if ³1(F ) = VF [h1(X 1)] > 0, and EF (X 2
1 ) < 1 , then

p
n(Un ¡ µ(F ))

dF!

N (0; 4³1(F )).

Example 3. Un =
¡ n

2

¢¡ 1 P
1· i<j · n I [X i + X j · 0]. So,µ(F ) = PF (X 1 + X 2 · 0).

Hence, h1(x1) = PF (X 1 + X 2 · 0jx1) = F (¡ x1). Thus, ³1(F ) = VF [F (¡ X 1)] =
R1

¡1 F 2(¡ x)dF(x) ¡
hR1

¡1 F (¡ x)dF(x)
i 2

. If in addition, F is continuous and is

distributed symmetrically about zero,

³1(F ) =
Z 1

¡1
(1 ¡ F (x))2dF(x) ¡

· Z 1

¡1
(1 ¡ F (x))dF(x)

¸ 2

=
Z 1

0
(1 ¡ u)2du ¡ [

Z 1

0
(1 ¡ u)du]2 = 1=3 ¡ (1=2)2 = 1=12:

In general,
p

n(Un ¡ µ(F ))
dF! N (0; 4³1(F )). In the special caseof continuous and

symmetric F;
p

n(Un ¡ µ(F ))
dF! N (0; 1=3).

U-statistics with kernelsof arbitrary degree

In general,

Un =
³ n

m

´ ¡ 1 X

1· i 1<

X

¢¢¢<i m · n

h(X i 1 ; ¢¢¢; X i m );

whereEF jh(X 1; ¢¢¢; X m )j < 1 . Then Hoe®ding'sdecomposition proceedsasfollows.

De¯ne

hc(x1; ¢¢¢; xc) = EF [h(X 1; ¢¢¢; X m )jx1; ¢¢¢; xc]

~hm (x1; ¢¢¢; xm ) ´ ~h(x1; ¢¢¢; xm ) = h(x1; ¢¢¢; xm ) ¡ µ(F ):

~hc(x1; ¢¢¢; xc) = hc(x1; ¢¢¢; xc) ¡ µ(F ):

5



Next de¯ne

g1(x1) = ~h1(x1)

g2(x1; x2) = ~h2(x1; x2) ¡ g1(x1) ¡ g1(x2)

g3(x1; x2; x3) = ~h3(x1; x2; x3) ¡
3X

1

g1(x i ) ¡
X

1· i 1<

X

i 2 · 3

g2(x i 1 ; x i 2 )

...

gm (x1; ¢¢¢; xm ) = ~hm (x1; x2; ¢¢¢; xm ) ¡
mX

1

g1(x i )

¡
X

1· i 1

X

<i 2 · m

g2(x i 1 ; x i 2 ) ¡ ¢¢¢¡
X

1· i 1

X

< ¢¢¢<i m ¡ 1 · m

gm¡ 1(x i 1 ; ¢¢¢; x i m ¡ 1 ):

Clearly, the gi 's aresymmetric in their arguments. Also, EF [g1(X 1)] = 0, EF [g2(X 1; X 2)jx1] =

g1(x1) ¡ g1(x1) = 0 a.e.. In general,EF [gc(X 1; ¢¢¢; X c)jx1; ¢¢¢; xc¡ 1] = 0 a.e. This

implies for any k · c ¡ 1, EF [gc(X 1; ¢¢¢; X c)jx1; ¢¢¢; xk ] = 0 a.e. De¯ne Sn =
P

1· i 1< ¢¢¢<i m · n
~h(X i 1 ; ¢¢¢; X i m ). Also, let Scn =

P
1· i 1< ¢¢¢<i c · n gc(X i 1 ; ¢¢¢; X i c ). The

following theoremthen holds.

THEOREM 3. Let h be a symmetric kernelof degreem with EF jh(X 1; ¢¢¢; X m )j <

1 . Then, Un ¡ µ(F ) =
P m

c=1

¡ m
c

¢¡ n
c

¢¡ 1
Scn.

Pro of. By de¯nition,

Sn =
mX

c=1

X

1· j 1
1· i 1

X

< ¢¢¢<j c · m
< ¢¢¢<i m · n

gc(X i j 1
; ¢¢¢; X i j c

)
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On the right hand side,

1st term =
X

1· i 1

X

< ¢¢¢<i m · n

mX

j =1

g1(X i j ) =
nX

i =1

µ
n ¡ 1
m ¡ 1

¶
g1(X i )

=
µ

n ¡ 1
m ¡ 1

¶
S1n ;

2nd term =
X

1· i 1

X

<i 2 · n

µ
n ¡ 2
m ¡ 2

¶
g2(X i 1 ; X i 2 ) =

µ
n ¡ 2
m ¡ 2

¶
S2n ;

...

cth term =
X

1· i 1< ¢¢¢

X

<i c · n

µ
n ¡ c
m ¡ c

¶
gc(X i 1 ; ¢¢¢; X i c ) =

µ
n ¡ c
m ¡ c

¶
Scn;

...

mth term =
µ

n ¡ m
m ¡ m

¶
Smn :

Hence,

Un ¡ µ(F ) =
³ n

m

´ ¡ 1
Sn =

mX

c=1

¡ n¡ c
m¡ c

¢

¡ n
m

¢ Scn

=
mX

c=1

(n ¡ c)!
(m ¡ c)!(n ¡ m)!

(n ¡ m)!m!
n!

Scn

=
mX

c=1

m!
(m ¡ c)!c!

(n ¡ c)!c!
n!

Scn =
mX

c=1

¡ m
c

¢

¡ n
c

¢Scn:

Remark. Note that for each c = 1; ¢¢¢; m,

EF [gc(X i 1 ; ¢¢¢; X i c )jX j 1 ; ¢¢¢; X j k ] = 0 a.e.

if at least one of i 1; ¢¢¢; i c is not contained in (j 1; ¢¢¢; j k). For example, if i 1 =2
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(j 1; ¢¢¢; j k), then

EF [gc(X i 1 ; ¢¢¢; X i c )jX j 1 ; ¢¢¢; X j k ]

= EF EF [gc(X i 1 ; ¢¢¢; X i c )jX j 1 ; ¢¢¢; X j k ; X i 2 ; ¢¢¢; X i c jX j 1 ; ¢¢¢; X j k ]

= EF (EF [gc(X i 1 ; ¢¢¢; X i c )jX i 2 ; ¢¢¢; X i c ]jX j 1 ; ¢¢¢; X j k )

= EF (0jX j 1 ; ¢¢¢; X j k ) = 0 a.e.

This implies that EF (ScnSdn) = 0 if c 6= d. Also, EF (Scn) = 0 for all c = 1; ¢¢¢; m.

Hence,VF (Un ) =
P m

c=1
( m

c )2

( n
c )2 EF (S2

cn): Moreover, EF (S2
cn) =

¡ n
c

¢
EF [g2

c(X 1; ¢¢¢; X c)].

Hence,writing ³ c(F ) = EF [g2
c(X 1; ¢¢¢; X c)] for all c = 1; ¢¢¢; m,

VF (Un ) =
P m

c=1
( m

c )2

( n
c )2 ³c(F ) = m2

n ³1(F ) + O(n¡ 2)

Also, writing

Un ¡ µ(F ) =
m
n

mX

i =1

g1(X i ) +
mX

c=2

¡ m
c

¢

¡ n
c

¢Scn

sinceE
·
P m

c=2
( m

c )
( n

c ) Scn

¸ 2

= O (n¡ 2),

one has
P m

c=2
( m

c )
( n

c ) Scn = Op(n¡ 1). Also, 1p
n

P n
i=1 g1(X i )

dF! N (0; ³1(F )). Hence,
p

n[Un ¡ µ(F )]
dF! N (0; m2³1(F )).

Remark. In general,Hoe®ding'sdecomposition givesa representation of an arbitrary

U-statistic into a linear combination of uncorrelatedU-statistic like terms, each term

being of smaller order than the precedingterm.

Representation of a U-statistic as an Averageof (Dependent) Averagesof I IDRV's

Consider a symmetric kernel h(x1; ¢¢¢; xm ), and a sample X 1; ¢¢¢; X n of size

n ¸ m. De¯ne k = [n=m], the integer part of n=m, and let W(X 1; ¢¢¢; X n ) =
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[h(X 1; ¢¢¢; X m )+ h(X m+1 ; ¢¢¢; X 2m )+ ¢¢¢+ h(X km¡ m+1 ; ¢¢¢; X km )]=k. Let
P

p denote

summation over all n! permutations (i 1; ¢¢¢; i n ) of (1; ¢¢¢; n) and
P

c the summation

over all
¡ n

m

¢
combinations (i 1; ¢¢¢; i m ) of (1; ¢¢¢; n). Then,

k
P

p W(X i 1 ; ¢¢¢; X i n ) = km!(n ¡ m)!
P

c h(X i 1 ; ¢¢¢; X i m ):

This implies
P

p W(X i 1 ; ¢¢¢; X i n ) = m!(n ¡ m)!
¡ n

m

¢
Un = n!Un ,

or equivalently, Un = (n!)¡ 1
P

p W(X i 1 ; ¢¢¢; X i n ). This expressesUn asan averageof

n! terms each of which is itself an averageof k iidrv's. We now prove the following

result.

LEMMA. Let r (¸ 2) be a real number. Supposethat EF jhjr < 1 . Then EjUn ¡

µ(F )jr = O
³

n¡ 1
2 r

´
as n ! 1 .

Proof. Write Un ¡ µ(F ) = (n!)¡ 1
P

p
~W(X i 1 ; ¢¢¢; X i n ), where ~W(X i 1 ; ¢¢¢; X i n ) =

W(X i 1 ; ¢¢¢; X i n )¡ µ(F ) is anaverageof k = [n=m] iid termsof the form ~h(X i 1 ; ¢¢¢; X i m ).

Using the cr -inequality,

E jUn ¡ µ(F )jr · (n!)¡ r (n!)r ¡ 1
X

p

Ej ~W(X i 1 ; ¢¢¢; X i n )jr

= Ej ~W(X 1; ¢¢¢; X n )jr = O(k¡ 1
2 r ) = O

³
n¡ 1

2 r
´

as n ! 1 :

An alternate representation for the varianceof a U-statistic

Consider a symmetric kernel h(x1; ¢¢¢; xm ) satisfying EF h2(X 1; ¢¢¢; X m ) < 1 .

As before,de¯ne hc(x1; ¢¢¢; xc) = EF [h(X 1; ¢¢¢; X m )jX 1 = x1; ¢¢¢; X c = xc], ~hc(x1; ¢¢¢; xc) =

hc(x1; ¢¢¢; xc) ¡ µ(F ). Also, let ³ ¤
c (F ) = VF [hc(X 1; ¢¢¢; X c)], 1 · c · m, ³ ¤

0 (F ) = 0.
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Note now that

VF (Un ) = EF (Un ¡ µ)2

=
³ n

m

´ ¡ 2 X

1· i 1< ¢¢¢i m · n

X

1· j 1< ¢¢¢j m · n

EF [~h(X i 1 ; ¢¢¢; X i m )~h(X j 1 ; ¢¢¢; X j m )]

=
³ n

m

´ ¡ 2 mX

c=1

³ n
m

´ ³ m
c

´ µ
n ¡ m
m ¡ c

¶

£ EF [~h(X 1; ¢¢¢; X c; X c+1 ; ¢¢¢; X m )~h(X 1; ¢¢¢; X c; X m+1 ; ¢¢¢; X 2m¡ c)]

=
³ n

m

´ ¡ 1 mX

c=1

³ m
c

´ µ
n ¡ m
m ¡ c

¶

£ EF [~h(X 1; ¢¢¢; X c; X c+1 ; ¢¢¢; X m )~h(X 1; ¢¢¢; X c; X m+1 ; ¢¢¢; X 2m¡ c)]:

But EF [~h(X 1; ¢¢¢; X c; X c+1 ; ¢¢¢; X m )~h(X 1; ¢¢¢; X c; X m+1 ; ¢¢¢; X 2m¡ c)]

= EF EF [~h(X 1; ¢¢¢; X c; X c+1 ; ¢¢¢; X m )~h(X 1; ¢¢¢; X c; X m+1 ; ¢¢¢; X 2m¡ c)jX 1; ¢¢¢; X c)]

= EF f EF (~h(X 1; ¢¢¢; X c; X c+1 ; ¢¢¢; X m )jX 1; ¢¢¢; X c)

£ EF (~h(X 1; ¢¢¢; X c; X m+1 ; ¢¢¢; X 2m¡ c)jX 1; ¢¢¢; X c)g

= EF [~hc(X 1; ¢¢¢; X c) ¢~hc(X 1; ¢¢¢; X c)] = ³ ¤
c (F ):

Hence,VF (Un ) =
¡ n

m

¢¡ 1 P m
c=1

¡ m
c

¢¡ n¡ m
m¡ c

¢
³ ¤

c (F ). The above representation looks dif-

ferent from what was given earlier. But, the two expressionsmatch after simpli¯ca-

tions. To seethis, let m = 2. The by Hoe®ding'srepresentation,

VF (Un ) =
4
n

³1(F ) +
2

n(n ¡ 1)
³2(F );
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where³1(F ) = VF (h1(X 1)) = ³ ¤
1 (F ). Also,

³2(F ) = EF

h
~h(X 1; X 2) ¡ ~h1(X 1) ¡ ~h1(X 2)

i 2

= EF

h
~h2(X 1; X 2)

i
+ EF

h
~h2

1(X 1)
i

+ EF

h
~h2

1(X 2)
i

¡ 2EF

h
~h(X 1; X 2)~h1(X 1)

i
¡ 2EF

h
~h(X 1; X 2)~h1(X 2)

i

+2EF

h
~h(X 1)~h(X 2)

i

= ³ ¤
2 (F ) + ³ ¤

1 (F ) + ³ ¤
1 (F ) ¡ 2³ ¤

1 (F ) ¡ 2³ ¤
1 (F )

= ³ ¤
2 (F ) ¡ 2³ ¤

1 (F );

sinceEF

h
~h(X 1; X 2)~h1(X 1)

i
= EF EF

h
~h(X 1; X 2)~h1(X 1)jX 1

i

= EF

h
~h2

1(X 1)
i

= ³ ¤
1 (F );

and similarly EF

h
~h(X 1; X 2)~h1(X 2)

i
= EF

h
~h2

1(X 2)
i

= ³ ¤
1 (F ): Hence,

VF (Un ) =
4
n

³ ¤
1 (F ) +

2
n(n ¡ 1)

(³ ¤
2 (F ) ¡ 2³ ¤

1 (F ))

=
4(n ¡ 2)
n(n ¡ 1)

³ ¤
1 (F ) +

2
n(n ¡ 1)

³ ¤
2 (F ):

Using the alternate representation for varianceof U-statistics asgiven earlier, we get

VF (Un ) =
³ n

2

´ ¡ 1 2X

c=1

µ
2
c

¶ µ
n ¡ 2
2 ¡ c

¶
³ ¤

c (F )

=
³ n

2

´ ¡ 1
[2(n ¡ 2)³ ¤

1 (F ) + ³ ¤
2 (F )]

=
4(n ¡ 2)
n(n ¡ 1)

³ ¤
1 (F ) +

2
n(n ¡ 1)

³ ¤
2 (F ):

11



U-statistics in the non-iid case

Let X 1; X 2; ¢¢¢ be a sequenceof independent but non-identically distributed ran-

dom variables. Consider for simplicity, U-statistics with kernels of degree2. Let

Un =
¡ n

2

¢¡ 1 P
1· i<j · n h(X i ; X j ), where h is symmetric in its arguments. Let µij =

Eh(X i ; X j ), ~h(x i ; x j ) = h(x i ; x j )¡ µij , ~hi
j (x i ) = E

h
~h(X i ; X j )jX i = x i

i
, 1 · i 6= j · n.

Let ~h2(x i ; x j ) = ~h(x i ; x j ) ¡ ~hi
j (x i ) ¡ ~hj

i (x j ). Then

Un ¡ EUn =
³ n

2

´ ¡ 1 X

1· i<j · n

~h(X i ; X j )

=
³ n

2

´ ¡ 1 X

1· i<j · n

h
~hi

j (X i ) + ~hj
i (X j ) + ~h2(X i ; X j )

i

=
2
n

nX

i =1

¹h1n (X i ) + U(2)
n (say),

where¹h1n (X i ) = (n ¡ 1)¡ 1
nX

j =1
( 6= i )

~hi
j (X i ); i = 1; ¢¢¢; n

U(2)
n =

³ n
2

´ ¡ 1 X

1· i<j · n

~h2(X i ; X j ):

Note that E[~h2(X i ; X j )jX i = x i ] = ~hi
j (x i ) ¡ ~hi

j (x i ) = 0. This implies

E[~h2(X i ; X j )~h2(X i ; X ` )] = 0(1 · i 6= j 6= ` · n);

E[~h2(X i ; X j )~hi
j (X i )] = 0(1 · i 6= j · n):

Assumenow sup1· i<j < 1 E[h2(X i ; X j )] < 1 . This impliessup1· i<j < 1 E[~h2
2(X i ; X j )] <

1 . Hence, E(U(2)
n )2 =

¡ n
2

¢¡ 2 P
1· i<j · n E~h2

2(X i ; X j ) = O(n¡ 2). Use the notation

¾2
n = n¡ 1

P n
i=1 E[¹h2

1n (X i )]. Assumethe following conditions:

(i) sup1· i<j < 1 Ejh(X i ; X j )j2+ ± < 1 for some± > 0;

(ii) lim inf n!1 ¾2
n > 0.

12



Then, the following theoremholds.

THEOREM 4. Assume(i) and (ii). Then,

p
n(Un ¡ EUn )=¾n

d! N (0; 4):

Proof.
p

n(Un ¡ EUn )=¾n = 2n¡ 1
2

P n
i=1

¹h1n (X i )=¾n +
p

nU (2)
n =¾n . But

p
nU(2)

n =

Op(n¡ 1
2 ) and lim inf n!1 ¾n > 0. Hence,

p
nU(2)

n =¾n = op(1).

Further, since the Liapounov condition holds, using the CLT for a double array of

random variables, it follows that n¡ 1
2

P n
i=1

¹h1n (X i )=¾n
d! N (0; 1). The proof of

Theorem4 is complete.

Two-SampleU-Statistics

Let X 1; ¢¢¢; X n1 ; Y1; ¢¢¢; Yn2 be mutually independent with X 1; ¢¢¢; X n1 iid with

df F and Y1; ¢¢¢; Yn2 iid with df G. ConsiderU-statistics with kernelh(x; y) of degree

(1; 1). Note that h(x; y) neednot necessarilybe equal to h(y; x). Let

Un1 ;n2 = (n1n2)¡ 1
n1X

i =1

n2X

j =1

h(X i ; Yj ):

Hoe®ding'sDecomposition

Let µ(F; G) = EF;Gh(X 1; Y1), ~h(x i ; yj ) = h(x i ; yj )¡ µ(F; G), ~h1(x i ) = EG[~h(X i ; Yj )jX i =

x i ]; ~h2(yj ) = EF [~h(X i ; Yj )jYj = yj ]. Now, write

Un1 ;n2 ¡ µ(F; G) =
n1X

i =1

n2X

j =1

~h(X i ; Yj )=(n1n2)

= (n1n2)¡ 1
n1X

i =1

n2X

j =1

[g1(X i ) + g2(Yj ) + g12(X i ; Yj )]

where g1(x i ) = ~h1(x i ), g2(yj ) = ~h2(yj ), and g12(x i ; yj ) = ~h(x i ; x j ) ¡ g1(x i ) ¡ g2(yj ).

13



Hence,

Un1 ;n2 ¡ µ(F; G) = n¡ 1
1

n1X

i =1

g1(X i ) + n¡ 1
2

n2X

j =1

g2(Yj ) + (n1n2)¡ 1
n1X

i =1

n2X

j =1

g12(X i ; Yj ):

Again, observe that EF g1(X i ) = 0 = EGg2(Yj ). Further

E[g12(X i ; Yj )jX i = x i ] = g1(x i ) ¡ g1(x i ) = 0 a.e.

E[g12(X i ; Yj )jYj = yj ] = g2(yj ) ¡ g2(yj ) = 0 a.e.

This implies E[g12(X i ; Yj )g12(X i ; Y` )] = 0 when j 6= ` and E[g12(X i ; Yj )g12(X k ; Yj )] =

0 when i 6= k. De¯ne VF [g1(X 1)] = ³1;0; VG[g2(Y1)] = ³0;1. We can now prove the

following two samplecentral limit theoremfor U-statistics.

THEOREM 5. Assumethat

(i) EF;G jh(X 1; Y1)j2 < 1 ;

(ii) limN !1 n1=N = ¸ (0 < ¸ < 1); N = n1 + n2;

(iii) ³1;0 + ³0;1 > 0.

Then,

p
N (Un1 ;n2 ¡ µ(F; G))

dF ;G! N (0; ¸ ¡ 1³1;0 + (1 ¡ ¸ )¡ 1³0;1):

Pro of. Write

p
N [Un1 ;n2 ¡ µ(F; G)]

= (N=n1)1=2n
¡ 1

2
1

n1X

i =1

g1(X i ) + (N=n2)1=2n
¡ 1

2
2

n2X

j =1

g2(Yj ) + N 1=2=(n1n2)
n1X

i =1

n2X

j =1

g12(X i ; Yj ):

14



Now Eh2(X 1; Y1) < 1 ) Eg2
12(X 1; Y1) < 1 . Hence,by (i) and (ii),

E [N 1=2(n1n2)¡ 1
n1X

i =1

n2X

j =1

g12(X i ; Yj )]2

= N (n1n2)¡ 2
n1X

i =1

n2X

j =1

Eg2
12(X i ; Yj )

= N (n1n2)¡ 2(n1n2)Eg2
12(X 1; Y1) = O(N ¡ 1):

Also, by the CLT,

(N=n1)1=2n
¡ 1

2
1

n1X

i =1

g1(X i ) + (N=n2)
1
2 n

¡ 1
2

2

n2X

j =1

g2(Yj )
dF ;G! N

¡
0; ¸ ¡ 1³1;0 + (1 ¡ ¸ )¡ 1³0;1

¢
:

The proof of Theorem5 is complete.

Example (Mann-Whitney U-Statistic)

Un1 ;n2 = (n1n2)¡ 1
n1X

i =1

n2X

j =1

I [X i · Yj ]

X i 's, Yj 's independent. X i 's iid » F (continuous)

Yj 's iid » G (continuous)

h(x i ; yj ) = I [x i · yj ]; µ(F; G) = PF;G(X 1 · Y1) =
Z

F (x)dG(x);

~h1(x i ) = 1 ¡ G(x i ) ¡ µ(F; G); ~h2(yj ) = F (yj ) ¡ µ(F; G);

³1;0 =
Z

(1 ¡ G(x))2dF(x) ¡
µ Z

(1 ¡ G(x))dF(x)
¶ 2

;

³0;1 =
Z

F 2(x)dG(x) ¡
µ Z

F (x)dG(x)
¶ 2

:

Condition (i) of Theorem 5 is trivially met. Assume(ii) and (iii). Then, one gets

the asymptotic distribution of the Mann-Whitney U. In the special casewhen F ´

15



G; ³1;0 = ³0;1 = 1=12. Then, if (ii) holds,

p
n(Un1 ;n2 ¡ µ(F; G)) d! N

µ
0;

1
12̧ (1 ¡ ¸ )

¶
:

Generalizations

THEOREM 6. Let X 1; ¢¢¢; X n be independent random variables,and let S ´

S(X 1; ¢¢¢; X n ) be any statistic satisfying E(S2) < 1 . Then the random variable

Ŝ =
P n

i=1 E(SjX i ) ¡ (n ¡ 1)E(S) satis¯es

(i) E(Ŝ) = E(S);

(ii) E(S ¡ Ŝ)2 = V(S) ¡ V(Ŝ);

also, if L =
P n

i=1 ` i (X i ) with E [`2
i (X i )] < 1 ; i = 1; ¢¢¢; n, then,

(iii) E(S ¡ L)2 = E(S ¡ Ŝ)2 + E(Ŝ ¡ L)2.

Pro of. (i) E(Ŝ) =
P n

i=1 EE(SjX i ) ¡ (n ¡ 1)ES =
P n

i=1 ES ¡ (n ¡ 1)E(S) =

nE S ¡ (n ¡ 1)ES = ES.

(ii) Put L = E(S) = E(Ŝ) (a constant) in (iii). Then V(S) = E(S ¡ Ŝ)2 + V(Ŝ).

(iii) E(S ¡ L)2 = E(S ¡ Ŝ + Ŝ ¡ L)2 = E(S ¡ Ŝ)2 + E(Ŝ ¡ L)2 + 2E(S ¡ Ŝ)(Ŝ ¡ L).

But

E[(S ¡ Ŝ)(Ŝ ¡ L)] =
nX

i =1

E[(S ¡ Ŝ)(E(SjX i ) ¡ ` i (X i ))] ¡ (n ¡ 1)E(S)E(S ¡ Ŝ)

=
nX

i =1

E[(S ¡ Ŝ)(E(SjX i ) ¡ ` i (X i ))]:
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Again

E[(S ¡ Ŝ)(E(SjX i ) ¡ ` i (X i ))]

= EE[(S ¡ Ŝ)(E(SjX i ) ¡ ` i (X i )) jX i ]

= E[f E(SjX i ) ¡ ` i (X i )gE(S ¡ ŜjX i )];

E(S ¡ ŜjX i )

= E(SjX i ) ¡
nX

j =1
6= i

Ef E(SjX j )jX i g ¡ E[E(SjX i )jX i ] + (n ¡ 1)E(S)

= E(SjX i ) ¡
nX

j =1
6= i

EE(SjX j ) ¡ E(SjX i ) + (n ¡ 1)E(S)

= ¡ (n ¡ 1)E(S) + (n ¡ 1)E(S) = 0:

Remark . Note that for U-statistics basedon iidrv's with symmetric kernel

Un =
³ n

m

´ ¡ 1 X

1· i 1

X

< ¢¢¢<i m · n

h(X i 1 ; ¢¢¢; X i m )

E(Un jX i ) =
³ n

m

´ ¡ 1

2

6
4

X

1<i 2
i j 6= i

X

< ¢¢¢<i m · n
( j =2 ;¢¢¢;m )

E(h(X i ; X i 2 ; ¢¢¢; X i m )jX i ) +
µ

n ¡ 1
m

¶
µ(F )

3

7
5

=
³ n

m

´ ¡ 1
·µ

n ¡ 1
m ¡ 1

¶
h1(X i ) +

µ
n ¡ 1

m

¶
µ(F )

¸

=
m
n

h1(X i ) +
n ¡ m

n
µ(F ):
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Hence,the projection of a U-statistic is

nX

i =1

E(Un jX i ) ¡ (n ¡ 1)µ(F )

=
m
n

nX

i =1

h1(X i ) + (n ¡ m)µ(F ) ¡ (n ¡ 1)µ(F )

=
m
n

nX

i =1

h1(X i ) ¡ (m ¡ 1)µ(F ):

This implies Un ¡ µ(F ) = m
n

P n
i=1 (h1(X i ) ¡ µ(F )), the principal term of the Hoe®ding

decomposition that we have seenearlier.
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