U-STATISTICS

Let X1;X5;X3;¢¢¢ be iid with df F de ned on R. Consider a function p ~
M(F) for which there exists an unbiasedestimator. Then W(F) may be represeted
R R
MF) = EEh(X;¢0¢; X ) = ¢€CC h(xyq; ¢CC; X1 )dF (X)) ¢C¢dF (X) for somefunc-

tion h, calledthe kernel Also, m is the minimum samplesizerequiredto estimate p

unbiasedly Without lossof generality, we assumeh is symmetric in its argumerns,

_ P
becausentherwiseh could bereplacedby (m!)i * | | i@ . m D(Xi,; 60¢; X ). De-

ne

.
n i]_X X
Un = U(Xq; 60¢; X,) = m h(Xi,; ¢¢¢; X5, ):

1 i1<¢wm' n

Hence,U, is an unbiasedestimator of L
R
Example 1. W(F)=1*(F)= xdF(x). Take h(x) = x.
L Py
Then U(X3;¢6¢; X)) =nit X, = X,.
R
Example 2. W(F) = 12(F) = ( xdF(x))2. Then h(x1;X2) = X1X>.

in¢i 1P
2 1 i<j -

Then U(Xq; ¢¢¢; X ) = , XiXj.

R
Example 3. p(F) = ¥%#(F) = (xj !)2dF(x). Hereh(x1;X2) = 3(X1i X2)2.
in(l"'i 1P 2 P n 2
Hence,U(Xq; ¢¢¢; X ) = ) Lig (XD X220 L (X X)) 1)

R
Example 4. u(F) = F(to) = 7 dF(X). Soh(x) = . (.

P
SOU(X1,¢¢¢,Xn) =n i=1 I[Xi' to] = Fn(to)
Example 5. W(F) = EfjX1i Xzj;h(X1;X2) = jX1i Xa.

.n¢i1P

i . .
There U(Xy; ¢0¢;x,) = 1 X0 Xl

Example 6. |J.(F) = PF(X1+ Xo - O) = EFI[X1+X2- 0]
i.¢.P
Hence,U(X1;68¢;Xn) = 0" L iy olxiex;- o
THEOREM 1. LetS, ~ S(Xji;¢¢¢;X,) beastatistic with EjS,j < 1 basedon iid

Xq;¢¢¢; X,,. Then there exists a correspnding U statistic U, with E(U,) = E(S;)

1



and V(Un) * V(Sn).
_ P :
Proof. Dene U, = (n))'* || gei.. n S(Xiy;¢¢¢; X, ). Then, since Xy; ¢¢¢; X,
areiid,
XX
(nh)it ES(X;,;¢¢¢; X;,)

| l->(i1§ ¢Q§én- n
(n)i 1 ES(X4;¢¢¢; X ,) = E(Sh):
1 116 ¢C@&in- n

E(Un)

Next write 8, assummationover all fiy;¢¢¢;i,;j,;¢¢C;j,gsudthat 1- 1, 6 ¢CCE
in- nandl- j; 6 ¢¢6 |, - n. Then, sinceX; ¢¢¢; X, areiid, by the Schwarz

inequality,

V(Un)

(N1 28, Cov[S(Xi,; ¢e¢; X, ); S(X;,; ¢¢¢; X;,)]
(n1)i 2§, V2[S(X,; 66¢; X; )]V 2[S(X;,; ¢6¢; X, )]

(n!) 28, VZ[S(X 1; 60¢; X )]V 2[S(X 1; 0¢¢; X )]

VI[S(Xy; ¢¢; X )] = V(Sh):

Hoe®ding'sDecomppsition

For simplicity of notations, rst considera kernel of degree2. A kernel with an
arbitrary degreewill be consideredlater. We cortinue to assumethat X ; ¢¢¢; X,
are iid and h is symmetric in its argumerts. AssumeErjh(X;X5)j < 1 . De ne
hi(x1) = Er[n(X1;X2)jX1 = Xq], M(X1) = ha(Xe) i W(F), Ma(Xx1;x2) ~ A(X;X2) =
h(x1;%x2) i WF). Also, let

O1(X1) = Mi(X1); Ge(X1;5X2) = Ma(X1;X2) i Gu(X1) i Gu(X2):



Then,

Uni H(F) Ma(Xi,s Xi,)

= 2 [gl(xil) + gl(Xiz) + gZ(Xil;Xiz)]
1-i1<iz2'n
2 X *niiX X

~ Qu(Xi) + 5

i=1 1-i1<i2-n

B (Xi,; Xi,):

If EFjh(X1;X2)] < 1, then by the conditional versionof Jensen'sineqality,
Erjhi(X1)] = ErJEFh(X1; X2)jXq] - ErEr(jh(X1; X2)jjX1) = Erjh(X1;X2)j < 1
Accordingly, EFjai(X1)j < 1 ;Erjg(X1;X2)j < 1 . Also, Er[au(X1)] = O,
Er[g(X1; X2)jx1] = ai(X1) i 9i(X1)i 0= Osothat Ef[g:(X1;X2)] = 0. In addition,
if Eeh?(X4;X5) < 1, onceagain applying Jensen'sinequality for conditional expec-
tations, Er[02(X1)] < 1 ;Er[03(X1;X2)jX1] < 1 ) Eg[d5(X1;X2)] < 1. Hence,

for il 6 i2 6 i3,

Er[0(Xi: Xi,)@(Xin X))l = ErEr[Q2(Xiy; Xi,)8(Xi,Xi,)iXi,]

Er[Er (9(Xi,; Xi,)iXi)Er (GR(Xi,; Xis)iXi,)]

Er (OO) =0:

Also, fori; 6 i, 6 i3 6 iy,

EF[92(xi1;xi2)92(xi3;xi4)] = EF[gZ(Xil;xiz)]EF[gZ(Xis;xi4)] = 00=0.

Hence, )
hP |2 |n¢ 5
Er 160 n®2XisXiy) = 5 Erg(Xy;Xy).
in¢i1P |2 in¢i1 ) -
Hence,Er h 2 1. i1<iz- n gZ(Xil;Xiz)i = 2 EFgZ(Xl;XZ) = O(n ).
i,¢ 1P 2 _
ThUS, nEF 2 ! 1 i1<iz- n gZ(Xil;Xiz) = O(nl 1)'

_ P i 6P
Hence,” NUn i WF)=#% L 91(xi)+pn D e 0 (K X),



i ¢ ,P .
n 2 | 1 i1<igo- ngz(xil;xiz) = Op(nI ;).

Also, g1(X1);¢¢¢; gi(X,) are iid with zero mean and variance E¢[g*(X1)] = 31(F)

Wherep

(say). Notethat 3, < 1 if Efh?(X{;X,) < 1 . Assume3; > 0. Then, we have the
following CLT for U-statistics.

THEOREM 2. AssumeEgh?(X1;X,) < 1 and3; > 0. Then, for U-statistics with
kernelh(X1; X ;) of degree2,

PRUn i WF)) N (0;4,(F)):

The above represemation givesus more than just the CLT for U-statistics. For
example using this represemation, it is very easyto compute the variance of a U-

statistic when onerecognizes

ErFEr[0u(X1)32(X1; X2)jX]

Er[01(X1)Er (9(X1; X2)jX1)] = EF[01(X1):0] = O:

Er[0:(X1)3(X1; X2)]

Thus, writing 3,(F) = Er[g5(X 1; X>)], it followsthat Vg (Uy) = %31(F)+ n(n—2i1)32(F)'
The crux of this represemation is that it expresses certered U-statistic asa linear
combination of uncorrelated U-statistic like terms, although sud terms are not gen-
uinely statistics.

We now shov somesimple applications of the above theorem.

in¢i1P

. P
Example 1. Uy = (nj 1)i* L (Xij Xa)2= ') 1iq -

A (X Xj)z. Now,
h(x1;%2) = (X1 X2)?=2=f(x1i *(F))i (x2i *(F))g?>=2. Hence,if EF(X?) < 1,
writing ¥%(F) = Ve (X1), hi(x1) = Er[h(X1;X2)jX1 = Xx4] = H[(x1i T(F))2+ %(F)].
Thus gi(x1) = hi(x1) i ¥#(F) = 1 (x1i *(F))?i 3/z?(F)’:

Now if Ex(X{) < 1, then3y(F) = Er[g3(X1)] = 2(*4(F) i %(F)).



Hence,if 1 4(F) 6 %4(F), then P AU i %R(F) fF N(0;14(F) | %(F)).
in(]:i ; PP
2 1 i< -

Example 2. W(F) = EFjX1i Xyj; Uy = AXi i X

Hereh(Xx1;X2) = jX1i Xpj sothat hi(Xy) = EF[[X1i XyjjX4].
Hence, if 3;(F) = Vg[hy(X1)] > 0, and Ef(X?) < 1, then pﬁ(Un i wF)) fr

N (0; 43,(F)).
i n¢i 1P

Example 3. U, = 7} 1 - n lixi+x;- 0 SO,W(F) = Pe(X1+ X3+ 0).

Hence, h;(x;) = PF(?](l + X2 - 0jxy) i: F(i x1). Thus, 3.(F) = Ve[F(i X1)] =

R R 2
11 F2(j x)dF(X) i ii F(i x)dF(x) . If in addition, F is cortinuous and is

distributed symmetrically about zero,

Z 1 Z 1 s
(1i F())?dF(x) i (1i F(x))dF(x)
Zill Z . il
(Li w?duj [ (1j wdu®=1=3; (1=2)* = 1=12
0 0

2

31(F)

In general,pﬁ(un i WF)) fr N (0;431(F)). In the special caseof cortinuous and
symmetric F:P f(U, i w(F)) f* N (0;1=3).

U-statistics with kernelsof arbitrary degree

In general,

U, = h(X
1-i1< ¢&dlipmy- n

¢ee; Xi,.);

i1

whereEgjh(X1; ¢¢¢; X)j < 1 . Then Hoe®ding'sdecomposition proceedsasfollows.

De ne

he(X1; €6¢;Xc) = Er[N(Xy1; 60¢; X n)jX1; G6C; X]
Pim (X1; 6¢¢; Xm) ~ A(X1; 60¢; X ) = h(X1; ¢6¢; X ) i W(F):

Pc(X1; G0C; Xc) = he(Xy; 66¢;Xc) | W(F):
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Next de ne

g1(X1) = M1(X1)

B(X1;X2) = Ma(X1;X2) i Gu(X1) i Gh(X2)
NE X X
Os(X1; X2; X3) = Ma(X1; X2; X3) i h(Xi) i (X, 5 Xi,)
1 1 i1< iz 3

xn
Om (X1; €CC; X)) = A (X1 X2; €CC; X ) 0:1(%i)
X X oox X
i G (Xig; Xiy) i COC] Om; 1(Xiy; 6CC; X, )

1. i1<iorm 1. i1<¢8lin; 1+ M

Clearly, the gi's aresymmetricin their argumerts. Also, EF[0:(X1)] = 0, EF[g(X1; X2)jX4] =
0i(X1) i dq(x1) = O a.e.. In general, Ef[gc(X1; €¢C; X c)jX1; ¢¢C; X 1] = O a.e. This

implies for any k - cj 1, EF[g(Xq; ¢¢¢; X()jX1;¢¢¢;x] = O a.e. Dene S, =

P P
1 iscoot o (X 60C; X ). AlsO, let Sen = 1 Ceea .. n Ge(Xiy; 60¢;X;,). The

following theoremthen holds.

THEOREM 3. Let h be a symmetric kernelof degreem with Erjh(X; ¢¢¢; X )j <

P ¢ ¢
1. Then, Uy p(F)= ™ 'm"'nYitg

Pro of. By de nition,

X X X
Sy = Oe(Xi; 3 €0C; X, )
c=1 1 j; <oog c-m

1. 07 <¢C&im- n



On the right hand side,

X X X o bl
istterm = a(X;) = 1 %X
1. i1 <Gl g - n j=1 i=1 |
ni 1 .
- ml 1 Sln’
X x Mol i 2!
2ndterm = mi 2 R(Xi,; Xi,) = mi 2 Son;

X X ni c ni c
cth term = ml' c 0c(Xi,; ¢ee; X)) = : . Sen;
1. 1< CC&i ¢ n ' I
mth term = uni mﬂS :
= mi m mn -
Hence,
hli o i;i_c‘t
Un i U(F) = Sh = ‘l_r:ﬁ:_scn
c=1 m
X (nj o (ni m)im!
~ __(mj o(nj m) n! on
c=1 i ¢
x m! ni ol xoom
= mi 1 |( In|) Scn = —i_r?q:scn:
oy (Mi o)c! ! =1 ¢

Remark Note that for eath c = 1; ¢¢¢: m,

EF[gC(Xil;¢¢¢;Xic)ijl;¢¢¢;Xjk] = Oa.e.

if at least one of i,;¢¢¢;i. is not cortained in (j1;¢¢¢;jy). For example,if i; 2



(j1; ¢¢¢;j ), then

Er [Ge(Xi,; 608; X)X, ; 66¢; X, ]
= ErEg[g(Xi,; €0C; X;,)jX|,; ¢¢¢; X, ; Xi,; 66¢; X jX;,; ¢¢¢; X, ]
= Er(Er[ge(Xi,: 008; X;)jX 1,5 066 X JiXj, ; 66¢: Xj,)

= Eg(0jXj,; ¢e¢; X;,) = Oa.e.

This implies that Eg (S¢nSan) = 0if ¢ 6 d. Also, EF(S,) = O for all ¢ = 1; ¢¢¢; m.

_Pwo) 2y 2y in® 20% - (it -
Hence, Ve (Uy) = n)ZEF(SC,]). Moreover, EF(Sg,) = . Er[g5(X1; ¢0¢; X ()]
Hence,writing 3.(F) = Er[g2(X 1; ¢¢¢; X )] for all c= 1; ¢¢¢; m,

Ve = © 0y B aF) = i)+ o(ni)

c=1 (n)2 c
Also, writing
Yy o im©
Un i |.J.(F) = F gl(xi) + ‘i_,?q\'scn
i=1 c=2 c
(m) s 2
sinceE T, [y S = O(ni?),
Pm (%) i1 1 P fle
one has _, +)Scn = Op(n' ). Also, »~ i, qui(X;) " N(0;31(F)). Hence,
p C

AlUs i WF)] N (0; m2,(F)).
Remark In general,Hoe®ding'sdecompsition givesa represemation of an arbitrary
U-statistic into a linear conbination of uncorrelatedU-statistic like terms, eat term

being of smaller order than the precedingterm.

Represetation of a U-statistic asan Averageof (Dependern) Averagesof IIDRV's

Consider a symmetric kernel h(xy; ¢¢¢; x,), and a sample X ; ¢¢¢; X,, of size

n ., m. Dene k = [n=m], the integer part of n=m, and let W(X; ¢¢¢; X,) =



[N(X1; €C¢; X )+ h(X a1 ; €CC; X o) + CCG h(X km; m+1; ¢6¢; Xym)]=k. Let P 0 denote
summation over all n! permutations (i;; ¢¢¢;i,) of (1; ¢¢¢; n) and P . the summation
over all i;‘]¢ combinations (iq; ¢¢¢; i) of (1;¢¢¢; n). Then,

kP pW(Xi1;¢¢¢;Xin) = km!(nj m)! P ch(Xi; eee; X, ):

This impliesP o W(Xi,; ¢¢; X;,) = mi(nj m)! | r’;q;un = nlU,,

or equivalertly, U, = (n!)i ! P o W(Xi,; ¢e¢;X;, ). This expressed), asan averageof
n! terms eat of which is itself an averageof k iidrv's. We now prove the following
result.

LEMMA. L3et r(,, 2) be areal number. Supposethat Egjhj" < 1 . Then EjU, |
HF)"=0O ni 2 asn! 1.

Proof. Write U, j W(F) = (n!) 1P o W(Xi,; €¢¢; X, ), where W(Xi,;¢e¢¢; X, ) =
W (Xj,; ¢¢¢; X; )i WF)isanaverageofk = [n=m]iid termsofthe form A(X; ; ¢¢C; X; ).

Using the ¢ -inequality,

X
EjUni H(F)J" - (n)i"(n)h  EjW(X;,; ¢e¢; X, )jf
p 3
= EjW(Xq;¢0¢:X,)j' = O(ki 2')=0 niz' asn! 1:

An alternate represemation for the varianceof a U-statistic

Consider a symmetric kernel h(xy; ¢¢¢; x,,) satisfying Efh?(X;¢¢¢; X ) < 1.
As before,de ne h¢(xy; ¢¢¢;x.) = Ep[h(Xq; ¢¢¢; X )jX 1 = Xq; 0¢¢; X = Xc], Ac(Xyq; ¢6¢; X)) =
ho(Xq; €CC;xc) i M(F). Also, let 3Z(F) = Ve[h(Xq1;¢¢¢; X)), 1+ ¢ m,35(F) = 0.



Note now that

Ve(Un) = EF('Uni W?
3 n i 2 X X
= m Er[A(Xi,; ¢CC; X )A(X;,; ¢ec; X )]
1-i1<¢dgh- n1- ji<¢qg¢,- n
: n i2X0 : n 3m uni m
m e m c mij cC

£ Er[A(X1;00¢; Xc; Xerp; 60C; X )A(X 15 66¢; Xo; Ximar 5 60 Xom; )]
*hoiX P m Py mﬂ

m e C mi c

£ Er[A(X1;00¢; Xc; Xerp; 60C; Xy )JA(X 15 €6C; X Xmag ; G0C; Xom; )]

BUt EF[h(Xl; ¢¢¢;XC;XC+1 ; ¢¢¢;Xm)h(X1; ¢¢¢;XC;Xm+1 ; ¢¢¢;x2mi C)]

ErFEr[N(X1; 60¢; Xc; Xevn; 6€C; Xy )A(X 15 60C; X s Xpan ; 6C¢; Xom; ¢)jX1; ¢0¢; X ()]

ErfEr (A(X1; 00C; X ¢; Xerp; 66¢; X )jX 1; 66¢; X )
£ Ee(N(X1;¢¢¢; X¢; Xme1; CCC; X om; )X 1; ¢¢¢; X )g

Er[Ac(Xq; 6¢¢; X ) ¢Ng(X1; ¢e¢; X )] = 3.(F):

C

i ¢ P i ¢ ¢
Hence, Vg (U,) = 'nfittm tmThnim 32(F). The above represemation looks dif-

m c=l ¢ mj c

ferert from what was given earlier. But, the two expressionanatch after simpli ca-

tions. To seethis, let m = 2. The by Hoe®ding'srepreseration,

VE(Un) = gsl(F) + ﬁ?’z(':);

10



where3;(F) = Ve (hi(X4)) = 37(F). Also,

h i
Er N(X1;X2) i M(Xy)i M(Xy)
h [ h [ h [
= Eg ﬁz(Xl,Xz) + E¢ ﬁi(Xl) + Eg ﬁi(XQ)
h [ h [
i 2Er A(Xq X2)Mi(X1) i 2B RA(Xyq; X2)h1(X?)
h i
+2Er A(X1)A(X2)

32(F)

= Z(F)+ 3 (F)+2(F)i 21(F)i 22,(F)

= 3(F)i 2.(F);
h i h [
sinceEr (X 1; X2)M(X1) ErEr N(Xq; X2)NM1(X1)jX 1
h [
= Er hi(Xy) =37(F);

h [ h [
and similarly Ex A(X ;X)) (X,) = Ef h3(X,) = 37(F): Hence,

Ve(Un) = EF)+ s (3 | 25
_ 4ni 2),, 2 Laeh.
BIGTE AR TCT R

Using the alternate represemation for variance of U-statistics as given earlier, we get

T uz‘ﬂuni 2‘”

3
n
2 C 2i C
n

Ve (Un) :(F)

, c=1

> 2001 2°5F) + 55(F))
4ni 2, 2
ninj 1) 1(F)+ ninj 1)

55(F):

11



U-statistics in the non-iid case

Let X; X,; ¢¢¢ be a sequenceof independert but non-idertically distributed ran-

dom variables. Consider for simplicity, U-statistics with kernels of degree2. Let
i ¢C,.P

h = Irz‘ e ii - n N(Xi3X;), whereh is symrr]netric in its argurperts. Let py =

Eh(Xi; X)), A(xi;x;) = h(xi;x)i W, M) = E A(Xi;X))jX =% ,1- i6j- n.
Let Ma(Xi; %) = A(Xi;Xj) i h} (Xi) i ﬁ{ (Xj). Then

3 X
n i
Ui EU, = A(Xi; X;)
, 1 i<f - n .
3n il X h . I
= 1 (X0) + 1)) + Mo X))
1 i) - n

N
% hin(Xi) + U® (say),

i=1

X
wherehy, (X)) = (nj 1))*  R(X); i= 10¢;n

Ma(Xi; X;):

1 i) - n

u?

Note that E[Mo(X; X;)jXi = xi]= A (x;) i A} (x;) = 0. This implies

E (X5 X))Rz(Xi; X-)] O1- i6j6 - n)

E[M(Xi; X)W (X))l = 0(1- i6j- n)

Assumenow sup;. i; <; E[h?(Xi;Xj)] < 1 . Thisimpliessup,. ; <; E[M5(X;; X;)] <

i C,P
1 . Hence, E(U?)2 = I;‘ 2 1 i - n EM3(Xi; X)) = O(ni?). Use the notation

P
¥ =nil " E[hZ(X;)]. Assumethe following conditions:
(i) supy. i <1 Ejh(X;;X;)j*** < 1 for somex> 0;
(i) liminfay %2> O.

12



Then, the following theorem holds.

THEOREM 4. Assume(i) and (ii). Then,

d

PR(Un i EU=3%1° N(0;4):

p p

_ P _ _
Proof. IOn(Uni EU,)=% = 2ni 2 i”:l hln(xi):3/,4 + nU,ﬁz):%. But = nU® =

P

Op(ni %) andliminf,; % > 0. Hence, ﬁuéz):% = 0y(1).

Further, sincethe Liapounov condition holds, using the CLT for a double array of

. . .1 P n d
random variables, it follows that niz = " hi,(X;)=% !

N (0;1). The proof of
Theorem4 is complete.

Two-SampleU-Statistics

Let Xq; ¢¢¢; X, ; Yg; ¢¢C;Y,, be mutually independert with X;; ¢¢¢; X, iid with
df F andYj; ¢¢¢; Y, iid with df G. ConsiderU-statistics with kernelh(x; y) of degree

(1;1). Note that h(x;y) neednot necessarilybe equalto h(y;x). Let
XX
Unyn, = (N1n2)’ h(Xi;Yj):

i=1 j=1

Hoe®ding'sDecomppsition

Let W(F; G) = Er,ch(Xy; Y1), A(Xi;y;) = h(xi;y))i U(F; G), Mi(xi) = Ec[M(Xi;Y))jXi =
xil; fz(y;) = Er[A(Xi;Y5)iY; = y;]. Now, write

X1 X2

Unl;nzi H(F;G) h‘(Xi;Yj):(nan)
i=1 j=1
X Xe
(niny)i? [0 (Xi) + G(Y)) + G12(Xi;Y))]

i=1 j=1

where gi(xi) = Mi(Xi), G(y;) = Ma(y;), and gia(Xi;y;) = A(Xisx;) i Gu(Xi) i G2(Y;)-

13



Hence,

X X XX
Unin, i M(F;G) = nj G (Xi) + nj %(Y;) + (nny)! G12(Xi3Y;):

i=1 j=1 i=1 j=1

Again, obsene that Erg;(Xi) = 0= Eg(Y;). Further

E[9:2(Xi; Y})iXi q(xi)i agu(xi) = Oae.

Xi]

Elgi(Xi; Y))iY; = ] %(y))i %(y)=O0ae.

This implies E [g12(Xi; Yj)Gi2(Xi; Y-)] = Owhenj & = and E[gi2(Xi; Y} )012(X«k; Yj)] =
O wheni 6 k. De ne VE[gi(X1)] = 31.0; Vo[0(Y1)] = 301. We can now prove the
following two samplecertral limit theoremfor U-statistics.

THEOREM 5. Assumethat

(i) Ercih(X1;Y)j? < 1 ;

(i) limyiz ng=N =, (0<, <1);N =ny+ ny;
(iii) 310+ 301> 0.

Then,

p_— dr G . .
N(Unin, i H(F5G)) T N(O;, T B0+ (Li L) "20,):

Pro of. Write

P NUnn, i 1F;G))

_ (122 i%xl , 122 i%x|2 _ 1=2_ X X VY
= (N=n)"™"n; g (Xi) + (N=n2)""n, (Yj) + N7=(nyny) g12(Xi;Y}):

=1 j=1 i=1 j=1

14



Now Eh?(X1; Y1) < 1 ) E@%(X1;Y1) < 1. Hence,by (i) and (i),

N1 X2
E[N'?(niny) g12(Xi; Y))?
i=1 j=1
X1 X2
N (ninz)i 2 Egi(Xi;Y))
i=1 j=1

N (nlnz)i 2(nln2)Eg%2(X1;Y1) o O(Ni 1):

Also, by the CLT,

X

— i 1 Xl 1 i 1 2 d‘:'G | . . ¢
(N=n)*?ni?  @u(Xi)+ (N=n)Zny 2 go(Y)) T5 N 0, 850+ (15 ,) B0y
i=1 j=1

The proof of Theorem5 is complete.
Example (Mann-Whitney U-Statistic)

X1 X

Un,in, = (N1N2) 4 Iixi- 1

i=1 j=1

Xi's, Yj's independen. X;'siid » F (continuous)

Yj's iid » G (cortinuous)

Z
h(Xi;¥j) = Iy WF;G) = Pea(X1 - Y1) = F(x)dG(x);
Mi(xi) = %i G(Xi) i u(F;G);ﬁz&y-tF FQy)i M(F;GT?;Z
330 = (1§ G(x))%dF(X) i (i G(Xx)dF(x) ;
Z pzZ 1,
301 = F2(x)dG(X) i F (x)dG(x)

Condition (i) of Theorem5 is trivially met. Assume(ii) and (iii). Then, one gets

the asymptotic distribution of the Mann-Whitney U. In the special casewhenF ~

15



G;31.0 = 301 = 1=12. Then, if (ii) holds,

b ; M 1 T
(Unin, | MEG) N O

Generalizations

THEOREM 6. Let Xy;¢¢¢; X,, be independert random variables,and let S~
S(X1; ¢¢¢; X ,) be any statistic satisfying E(S?) < 1 . Then the random variable
8= P "L E(SiXi)i (ni 1)E(S) satises
() E(5) = E(S);
(i) E(Si 9)*=V(S)i V(S);
also,if L = "X with ECA(X)] < 1 ;i = 1;¢6¢;n, then,
(i) E(Si L)2= E(Sj 8)2+ E(S L)z
Proof. (i) E(8) = P "L EE(SjX))i (ni 1)ES = P " ESi (ni 1E(S) =
nESi (nj 1)ES=ES.
(i) Put L = E(S) = E(8) (a constan) in (iii). ThenV(S)= E(Si $)2+ V(9).
(i) E(Si L)2=E(Sj 8+ 8 L)2=E(Si 82+ E(Si L)2+ 2E(Si 8)(Si L).
But

X
E[(Si S)E(SIX)i i(X)i (ni DE(S)E(Si 9)

i=1

E(Si $)(Si L)

EI(Si S(E(SIXi)i "X

i=1

16



Again

ELSi S(E(SIXi)i (X))
EE[(Si S(E(SiXi)i “i(Xi)jXi]
EIfE(SiXi) i i((Xi))gE(Si SiXi)];

E(Si SiXi)
xn
E(SiXi)i  EfE(S|X))iXigi E[E(SiX)jXil+ (ni 1)E(S)

i=1
6i

X
E(SiXi) i EE(S|X;)i E(SiXi)+ (ni 1)E(S)

j=1
6i

i (ni DE(S)+ (nj LE(S)=0:

Remark . Note that for U-statistics basedon iidrv's with symmetric kernel

Un

E(Unjxi)

3n,i1X X
= h(Xi1;¢¢¢;Xim)
m ki1<¢¢<ﬁm-n
TR |

hlitgX X . ni 1
8 E (X1 Xi: 060X, )X )+

m

3n,i1.u ni 1 h(X-)+unilﬂ
m mij 1 = m
m ni m

—h1(X; F):

n 1(X5) + n H(F)

H(F)

17
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Hence,the projection of a U-statistic is

X0
E(UnjXi) i (ni 1U(F)
i=1
m X
= 5 hi(Xi) + (ni MUF)i (ni F)
i=1
m X

. hi(Xi) i (mi LUF):

i=1

P
This impliesU, i p(F) = = L, (ha(Xi)i W(F)), the principal term of the Hoe®ding

decompmsition that we have seenearlier.
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