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We consider estimation of the Bayesian highest posterior density (HPD) regions for
a parameter of interest and propose a Monte Carlo gap test based on a random or
dependent sample of the relevant parameter generated from its posterior distribu-
tion to determine whether the Bayesian regions contain one or more intervals. We
also provide a simple Monte Carlo procedure to determine the exact form of the
HPD region based on the outcome of the gap test. The basic theory is developed
and a simulation study is conducted in examining the performance of the Monte
Carlo gap test.

1 Introduction

Highest posterior density (HPD) region is a useful summary of a posterior
distribution for some parameter of interest. Suppose the parameter is one-
dimensional. As discussed in Box and Tiao (1992), an HPD region has two
main properties:

(a) the density for every point inside the region is greater than that for every
point outside the region; and
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(b) for a given probability content, say 1 — «, the region is of the smallest
size.

Unlike other Bayesian posterior quantities, such as the posterior mean and the
posterior variance, it is typically computationally intensive to compute the
HPD region unless one is dealing with a simple model such as the standard
normal model.

Consider a Bayesian posterior density of the form

1

0,p|D) = ——L(6,p|D)x (6 1
w(0,ID) = 55 L0, @ID)r(, ), (1)
where D denotes data, the parameter 6 is one-dimensional, and ¢ may be
a multidimensional vector of parameters other than 6 in the model. In (1),
L(8,¢|D) is a likelihood function given D, 7 (8, ) is a prior, and ¢(D) is the
normalizing constant. Our objective is to obtain a Bayesian HPD region for

0.

Let 7(6|D) and II(6|D) denote the marginal posterior density function
and the marginal posterior cumulative distribution function (cdf) of 6, re-
spectively. One of the widely used 100(1 — a)% Bayesian credible intervals for
0 takes the form

(6@/2) gli=a/2),
where
(6“/?|D) = a/2 and T */D|D) =1-a/2. (2)

When w(0|D) is symmetric and unimodal, the Bayesian credible interval
(6(2/2) §(1=2/2)) ig also an HPD interval. However, when m(6|D) is not sym-
metric, (8(@/?),9(1=2/2)) is not an HPD interval in general. In this case, an
HPD interval or region is more desirable, as it better displays the impor-
tant features of the posterior distribution than does a credible interval. A
100(1 — @)% HPD region for 6 is given by

R(ma) ={0: 7(6|D) > ma}, 3)

where 7, is the largest constant such that P(§ € R(ny)) > 1 — . In (3),
R (7q) can be reduced to a 100(1 — @)% HPD interval for § when w(6|D) is
unimodal.

Due to the recent advances in computing technology and the develop-
ment of Markov chain Monte Carlo (MCMC) sampling algorithms, several
Monte Carlo algorithms have been proposed for computing Bayesian HPD
intervals or regions. In particular, Tanner (1996), Wei and Tanner (1990),
and Hyndman (1996) provide a Monte Carlo (MC) algorithm to calculate the
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content and boundary of HPD regions. However, their MC algorithm requires
evaluating the marginal posterior densities analytically or numerically. The
implementation of their algorithm is also quite complicated and computa-
tionally intensive. Chen and Shao (1999) propose a simpler MC method for
computing HPD intervals. Their method does not require knowing the closed
forms of w(6|D) and II(¢| D), and can be applied to compute HPD intervals for
the parameters of interest and also for functions of the parameters. However,
the algorithm proposed by Chen and Shao (1999) requires the unimodality of
the marginal posterior distribution w(6|D).
We note that the marginal posterior density w(6|D) is given by

7(6|D) = / 7(6,0|D) dip = / ﬁw,wmw(e,w do, (@)

where the normalizing constant ¢(D) is often unknown and the analytical
evaluation of the integral may not be available. This is particularly true when
 is high-dimensional. Therefore, when 7(8|D) is analytically intractable, it
is often difficult to know whether 7 (6|D) is unimodal or multimodal.

We also note that when 7(8|D) is multimodal, the HPD region often con-
sists of several intervals. In such cases, there exist gaps between the intervals
inside the HPD region. A challenging problem is how to determine whether
there are any gaps inside the HPD region based on a Monte Carlo sample
from 7(#|D). In this article, a novel Monte Carlo gap test is proposed for
determining possible gaps inside an HPD region. As a byproduct, a Monte
Carlo algorithm is also developed for determining the end points of intervals
inside the HPD region.

The remainder of the paper is organized as follows. In Section 2, we give
a brief overview of the current Monte Carlo methods for computing HPD
intervals/regions. The main results of the Monte Carlo gap test are presented
in Section 3. The performance of the Monte Carlo gap test is examined in
detail via a simulation study in Section 4. Some concluding remarks are given
in Section 5.

2 Current Monte Carlo Methods

2.1 Density Quantile Approach

This approach was first introduced by Wei and Tanner (1990) and further
elaborated by Hyndman (1996). Let {(6;,¢;), i = 1,2,...,n} denote a
random (or MCMC) sample from 7 (6, @|D). Then, {6;, ¢ = 1,2,...,n}
is a random (or MCMC) sample from 7(6|D). Also, let & = w(6;|D) for
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i=1,2,...,n, and let (qn)) be the [an]th smallest of {;}.
Define

Rn(a) ={0: w(0|D) = {(anp ) (5)

which is the set of 8’s such that their density values are greater than or equal
t0 {([an))- In Hyndman (1996), it was stated that R,(a) converges to R (m,)
given in (3), as n — oo when {6;, i =1,2,...,n} is a random sample from
(6| D). However, no formal proof was provided by Hyndman (1996). Wei and
Tanner (1990) proposed a Monte Carlo method for calculating the boundary
of an HPD region via data augmentation. Hyndman (1996) discussed how to
compute R, (a) using the contour function for a bivariate HPD region and
the grid method with spline interpolation for a univariate HPD region.

2.2  Sampling Quantile Approach

Assume that 7(6|D) is unimodal and {(6;,;), i = 1,2,...,n} is an MCMC
sample from the joint posterior distribution (6, ¢|D).

As discussed earlier, a 100(1 — @)% HPD interval must have a probability
content of 1 — « and the density for every point inside the interval must be
greater than that for every point outside the interval. Therefore, an HPD
interval is a special credible interval and this interval is of the shortest length
among all possible credible intervals with the same probability content 1 — a.
Based on the main properties of the HPD interval, Chen and Shao (1999)
proposed the following procedure for calculating an HPD interval for 6:

Chen—Shao HPD Estimation Algorithm
Step 1. Obtain an MCMC sample {6;, i =1,2,...,n} from 7 (8|D).
Step 2. Sort {6;, i =1,2,...,n} to obtain the ordered values:
) <02 < -+ <)
Step 3. Compute the 100(1 — a)% credible intervals

Rj(n) = (0(5), 0¢+11-a)n)))
fOI‘j = 1,2,...,"— [(1 —a)n]

Step 4. The 100(1 — @)% HPD interval is the one, denoted by R;«(n), with
the smallest interval width among all credible intervals.
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Under certain regularity conditions, Chen and Shao (1999) showed that
the above procedure is asymptotically valid. We state this result in the fol-
lowing proposition.

Proposition 2.1 Assume that {6;, i = 1,2,...,n} is an ergodic MCMC
sample from w(0|D). If n(8|D) is unimodal and

Jmin (j7(0u|D) = n(0.|D)| + [I(0u|D) — I(9r|D) — (1 - a)])

has a unique solution, then
Rj-(n) = R(my) a.s. asn — oo,

where R(wy) is defined in (3).

The proof of this proposition can be found in Chen and Shao (1999).
Chen and Shao (1999) also considered the extension of their method to the
multimodal case. The following conjecture is given in Chen and Shao (1999).

Conjecture 2.1 Assume that w(8|D) has at most two modes. Let
{01,02,...,0,} be a sample from w(6|D) and let 6; be the ordered values
of the 8. For 0 < a < 1, denote

D= min min
0<m<[(l—a)n] 0<i<n—[n(l—a)]—2m

X 1 Him_9i+0'na—m_0' .
im0 oo Oatm) = 0) + (Ot nag-m) = 05)}

If (0(,»*+m*) — 0(1*)) + (e(j*—i-[na]—m*) — 0(3*)) = D, then (9(1*), G(i*+m*)) U
(0+), O(j*+[naj—m=)) s an approzimate HPD region for 6.

It is expected that when =(f|D) is unimodal, (Oi), O(i=ym+)) U
(O(J-*), 9(j*+[na]—m*)) can be automatically reduced to one interval. Simi-
larly, this conjecture can be extended to cases where 7(f|D) has more than
two modes. However, the question remains open as to how one can test the
unimodality of w(|D) based on an MC sample {6;, i =1,2,...,n}. We will
address this issue in the next section.

3 Monte Carlo Gap Tests

To develop a Monte Carlo gap test, we first show that the density quantile
estimate of R,(a) given in (5) is asymptotically correct. That is, R,(a) —
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R(7y), as n — 00, where R(w,) is defined in (3). We formally state this result
in the following theorem.

th

Theorem 3.1 Let mp, = §((an)) denote the lower a™ sample quantile of §; =

w(0;|D). Then,
T = Tq S M — 0O.

Consequently, R,(a) = R(ny), as n — oc.

Proof: First note that 7, > 0 for any a > 0. Since 7, is the sample quan-

tile of {m(6;)} and 74 is the corresponding population quantile, the theorem

follows from the standard quantile convergence result. O
Let

Qn(a) = {01 : gz = 7T(01|D) > 5([an])}7 (6)
be the set of 6;’s such that their density values are greater than or equal to
5([an]) Denote

0k(n) = min {6;}, and 6Y(n) = max {6;}. 7
(n) =, min {6:} (n) =, max {0} (7)

REMARK 3.1: If 7(6| D) is unimodal, then R (7,) reduces to an interval, called
the HPD interval. In this case, we have

Ra(n) = (65(n), 05 (n), (8)

and by Theorem 3.1, (8% (n), 6Y(n)) is a consistent estimator of the HPD
interval R (7y,).

Definition 3.1: Let R (7,) denote a 100(1 — )% HPD region. There are no
gaps in R (7,,) if there exist constants a < b such that P (R (7y) = (a,b)|D) =
1.

Roughly speaking, Definition 3.1 implies that if there are no gaps, R (74)
reduces to an interval. On the other hand, if R (w,) consists of several dis-
connected intervals, then there are gaps. For example, if 7(|D) is bimodal,
typically R () consists of two intervals, and therefore there is a gap inside
R (m,). But, we notice that it is not necessary that a bimodal distribution
always leads to a gap inside R (). Whether there is a gap in R (7, ) depends
on the shape of the density and the choice of 1 —a. For example, if the density
values are similar at the two modes, then the larger 1 — « or the shorter the
distance between the two modes, the less likely there is a gap.
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Next, we introduce a useful lemma.

Lemma 3.1 Let {X;,1 < i < n} be a random sample of size n from a
population distribution F. Suppose that the density function f of X; ezists
and is continuous on R with f(x) > 0 for x in the support of X;. Assume
that for any a < b, there exist C > 0,7 > 0 such that |f(z) — f(y)| < Clz—y|"
foranya <z <y<b Let X1 < Xpo <--- < Xy,n be the order statistics.
Then for any 0 < oy < az <1

P(n max (X,;— Xni1)f(Xni) <logn+z) = e (@27a)e™™  (g)

a1n<i<asn
Proof: The outline of the proof is given as follows. Let U; = F(X;) and
let {&,1 <i <n+1} beiid. exponential random variables with mean 1.
Put S, = Ele &. Then U; are i.i.d. uniformly distributed random variables
over (0,1) and {Up,;,1 < i < n} and {S;/Sn+1,1 < i < n} have the same
distribution. Observe that
F(Xpn3) = F(Xni-1) = [(Xni —6:)(Xni — Xnjiz1), (10)

where 0 < 6; < X, ; — Xp ;1. It is easy to see that for any 0 < a1 < a2 < 1,
there exist a1 < ao such that

a; < Xn,[oqn] < Xn,[azn] <ax a.s.

as n — oo. Thus, by (10) and by the assumption that f is continuous and
positive in the support of X;

max (Xn,z - Xn,z'fl)

a1n<i<asn

=0(1) max (F(Xn;)—F(Xni-1))=0(®m"logn) a.s.

arn<i<asn

Therefore, by the Lipschitz condition for f
n max (Xn,z - Xn,z'fl)f(Xn,i) —-n maXx (Un,z - Un,ifl) (11)

ain<i<asn ain<i<asn

=0(n) max (Xp;—Xpi1)"""=0m "(logn)'*") =0(1) a.s.

an<li<azn

It is easy to show that n/S, 1 — 1, and

nalnfgl?l%aw&/snﬂ - alnfgfgfawfi - 0. (12)
Furthermore,
P( max ¢&; <logn+ .’L') = (]_ — ¢ (log n+z))(a27a1)n
ain<i<azn
(az—a1)n
=(1 — e_””/n) — exp(—(aa — ay)e™™)
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as n — o0o0. The lemma then follows from (11), (12), and the fact that
{Un,i,1 < i < n} and {S;i/Sp+1,1 < i < n} have the same distribution.
O

Let a, = ainn denote the number of #;’s that are less than equal to
6L (n) and b, = az,,n denote the number of 6;’s that are less than equal to
8Y(n), where 0% (n) and Y (n) are defined in (7). We are led to the following
theorem.

Theorem 3.2 Assume that w(0|D) is continuous and R (m,) has no gaps.
Also assume that for any a < b, there exist C > 0,7 > 0 such that |7(8|D) —
w(0*|D)| < C|8 — 0*|" for any a < 0 < §* <b. Suppose {6;, i =1,2,...,n}
is a random sample from 7(0|D). Let 0p1 < Opo < --- < Oy, be the order
statistics. Then,

P(n max (8p,; —On,i—1)7(0n:|D) <logn+zx) — e~ (lm)e™™ (13)

an<i<bn

Proof: Notice that when R (m,) has no gaps, by the definition of Q,(«a),
0,i € Qn(a) for all #’s such that a, < i < b,. Also, it is easy to show that
asp — a1,y = (b, —ap)/n = 1 —a asn — oco. The rest of the proof follows
from Lemma 3.1. O

Determining whether there are any gaps inside a 100(1 —a)% HPD region
R(7wy) is a standard hypothesis problem. That is, we wish to test a null
hypothesis Hq: no gaps in R(w,) versus an alternative hypothesis H,: one or
more gaps in R(7,). Theorem 3.2 directly leads to the following Monte Carlo
gap test.

Monte Carlo Gap Test:

Step 1: Generate a random sample from {0;, i =1,2,...,n} from 7(8|D).

Step 2: Compute & = m(0;|D) and the ot Tower sample quantile &[qr))-

Step 3: Sort {6; : 6; € Qn(a)}, where Q,(a) = {0; : 7(0:|D) > {((anp) }, tO
obtain the ordered values denoted by

Ono1 SOn,2 < <On,ng,
where n,, is the size of Q,(a).
Step 4. Compute the test statistic
T=n max (0,,;— On,,i-1)7(On, i|D) —logn. (14)

1<i<Nna
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Step 5. Compute the asymptotic p-value
pvalue = P(T > t*) =1 — e_(l_a)e_t*, (15)
where t* denotes the observed value of T given in (14).
Step 6. If p-value < a*, a prespecified level of significance, we reject Hyp, and
hence, we conclude that R(w,) has one or more gaps. If p-value > o*,

we do not reject Hyp, and therefore, we conclude that there are no gaps
in R(mq).

REMARK 3.2: Suppose that the gap test leads to the rejection of Hy and
assume i, is the integer such that

(enavia - enaaia_l)ﬂ-(enavia |D) = 122}{”& (enaﬂ' - enaai_l)ﬂ.(enaa”D)‘

Then, the lower limit of the gap is 8, ;,—1 and the upper limit of the gap is
On., i, - In this case, we can further apply the gap test for

Onet <Ono2<--- <O i—1,
and

gnmia < 0”&72 <-- < Hna,naa

respectively. Let ¢] and t5 denote the respective observed values. Then, the
p-values can be approximated by

1— e—((ia_n/n)e—t‘f and 1— e—((na—ia—i-l)/n)e_tE,

respectively. We continue this process until Hy is accepted. We notice that
a large sample size is required when the number of gaps is large. We also
caution making a large number of such tests without controlling for the false
positive rate.

REMARK 3.3: Suppose w(6|D) is bimodal and R(w,) has exactly one gap.
Assume that the gap test in fact detects the gap. Using the same notation
introduced in Remark 3.2, as a byproduct, R(7,) can be approximated by

(ena,la gna,z’a—l) U(Ona,iaa ena,na)-

REMARK 3.4: In practice, n(6|D) is unknown. In this case, we propose
to use a Monte Carlo estimate #(8|D) to replace 7w(6|D) in the gap test.

Chen et al.: Monte Carlo Gap Test 9




There are several density estimation methods available in the literature, in-
cluding the kernel density estimate, the conditional marginal density esti-
mate (CMDE) (see, for example, Gelfand, Smith and Lee (1992)), and the
importance-weighted marginal posterior density estimate (IWMDE) of Chen
(1994). Let {6;, i =1,2,...} denote a random sample from 7(6|D). Then,
the kernel density estimate has the form

Wkernel 9|D h ZK (9 0 ) (16)

where the kernel K is a bounded density on R!, h, is the bandwidth, and 6
is a point in R!. As recommended by Silverman (1986), if a Gaussian kernel,
i.e., K(0) = (1/v/2m)e ?"/2, is used, a good choice of hy, is 1.060*n /3, where
o™ is the sample standard deviation of the 8;’s.

Let {(6;,;), ¢ = 1,2,...,n} denote a random or MCMC sample
from 7(6,|D). Then, the conditional marginal density estimate (CMDE)
of m(8|D) has the form

A 1 ¢
7rcmde(gl-D) = E ZW (el‘PwD) ’ (17)
i=1

where 7(6|¢, D) denotes the conditional posterior density of §. We note that
n (17), 7 (0|e, D) needs to be completely known. Here, “completely known”
means that m(6|p, D) can be evaluated at any point of (6, ). In other words,
the kernel and the normalizing constant of this conditional density are avail-
able in closed form.

An extension to the CMDE given by Chen (1994) is the importance-
weighted marginal posterior density estimate (IWMDE). The IWMDE of
w(6|D) takes the following form:

L(8, ;| D)7 (6, ¢;)
ozu (pZ|D)7r(6,~, (Pz') ’

1
Tiwmde 9|-D n Zw (18)
i=1

where w(f|e) is a completely known conditional density whose support is
contained in or equal to the support of the true conditional density w(6|p, D).
See Chen, Shao, and Ibrahim (2000) for more detailed discussions on the
density estimation based on Monet Carlo samples.

We will study the performance of the gap test with known and unknown
m(6|D) in detail in the next section.
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Figure 1. Estimates of Type I Error Probabilities (a*) under the Bimodal Normal Distri-
bution (left) and under the Bimodal Cauchy (right) for various sample sizes.

4 A Simulation Study

In this section, we conduct an extensive simulation study to examine the
performance of the Monte Carlo gap test developed in the previous section.
In all simulations, we use 1 — a = 0.95 for the HPD region.

First we study how large the sample size is required to achieve a prespeci-
fied type I error probability a*. We take a* = 0.05 and we consider (6| D) to
be a standard normal (N(0,1)) density and a standard Cauchy (Cauchy(0, 1))
density. We generate a random sample of size n from each of these two dis-
tributions. Then, we perform the Monte Carlo gap test. Let I, = 1 if the
test leads to a rejection and I, = 0 otherwise. We repeat this procedure
K = 1,000 times so that we obtain {I;, k =1,2,...,1000} and hence, an
estimate of a* is given by &* = ﬁ Zg’lo I,. The results are displayed in
Figure 1. It shows that for the standard normal case, &*’s are almost the
same as the true a* for n as small as 50, but for the standard Cauchy case, n
is required to be 1000 in order to achieve the true level of the type I error.

Second, we examine the power of the Monte Carlo gap test.
Again, we choose o* = 0.05. We consider a bimodal normal
(0.5[N(—p/2,1) + N(1/2,1)]) density for p € [3.5,5] and a bimodal Cauchy
(0.5[Cauchy(—p/2,1) + Cauchy(u/2,1)]) density for u € [20,40]. The sample
sizes are n = 1000 and n = 5000 for both cases. We repeat the simulation
K = 1000 times. The estimated power functions (3) versus the gap size are

Chen et al.: Monte Carlo Gap Test 11




Sample Size=1000 ‘Sample Size=1000
# —— Sample Size=5000 i ——  Sample Size=5000

T T T T T T . 5 K
00 02 04 GapSize o5 08 10 Gap Size

Figure 2. Estimates of the Powers (3) of the Gap Test under the Bimodal Normal Distri-
bution (left) and under the Bimodal Cauchy (right).

Table 1. True and Estimated End-Points
Estimated Value

End-Point | True Value | Mean | Std Dev | IQR
1 -3.854 -3.851 0.028 0.038
2 -0.246 -0.249 0.027 0.038
3 0.960 0.964 0.013 0.018
4 3.127 3.123 0.012 0.016

plotted in Figure 2. It clearly demonstrates that for the bimodal normal den-
sity, the gap test can detect a very small gap even when n = 1000. However,
for the Cauchy case, the power curve approaches 1 when the gap size is ap-
proximately 4 and 16 for n = 5000 and n = 1000, respectively. Thus, the gap
test performs better for light tailed distributions.

Third, we investigate how accurate our HPD region estimate is based on
the gap test. We choose 7(6|D) to be the bimodal normal 0.5% [N (—2.05,1) +
N(2.05,0.25)] density. The Monet Carlo sample size is n = 5000. We repeat
the calculations 1000 times. In this case, the 95% HPD region contains two
intervals. Therefore, we have four end-points. The true density and the esti-
mates of these four end-points are plotted in Figure 3. A numerical summary
of the boxplots shown in Figure 3 is given in Table 1. From both Figure 3
and Table 1, it can be seen that the Monte Carlo estimates are quite good.

Finally, we examine the performance of the Monte Carlo gap test when

Chen et al.: Monte Carlo Gap Test 12
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Figure 3. Boxplots of End-Point Estimates of HPD Regions (left) and the True Bimodal
Probability Density Function (right).

(6| D) is replaced by the kernel density estimate and CMDE. We consider
(6, 9| D) to be a mixture of two bivariate normal density:

o () ) o (2]

1 0.8
08 1
distribution for 6 is 0.5[N(—2.1,1) + N(2.1,1)]. For sample size n = 1000,
the powers calculated based on the true density w(6|D), the kernel density
estimate, and the CMDE for 7(|D) are § = 0.54, Brernea = 0.198, and
Bemde = 0.571, respectively. For sample size n = 5000, the powers calculated
based on the true density 7(8|D), the kernel density estimate, and the CMDE
for w(0|D) are 8 = 0.99, Brernet = 0.542, and Bemge = 0.984, respectively.

In addition, we take 7(6,p|D) to be Ny ((8) ,El) so that the marginal

where ¥1 = ¥y = > . Straightforward algebra shows that the marginal

distribution for 6 is N(0,1). In this case, the estimated type I error proba-
bilities are &, ,;, = 0.05 when n = 50 for the CMDE and é&;,,.,,,, = 0.033
when n = 500 for the kernel density estimate. This simulation study clearly
demonstrates that with the CMDE, the performance of the gap test with an
estimated density is as good as the one with the known density. However, the

gap test with the kernel density estimate performs less favorably.
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5 Concluding Remarks

In this paper, we proposed a novel Monte Carlo gap test. The aim of the
gap test is to determine whether an HPD region consists of only one or more
intervals using a Monte Carlo sample from the posterior distribution. The
simulation study presented in Section 4 shows that the gap test performs
well with modestly large sample sizes. Today’s computer power has made
it relatively easy to generate thousands of random numbers from a posterior
distribution, so the sample size requirement for the proposed gap test is quite
realistic.

Although we only consider a random sample from (6| D), our results may
be extended a dependent MCMC sample. However, the performance of the
gap test with dependent samples needs further studies. Extension of the gap
test to higher dimensional parameters will also be worthwhile.
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