
Chapt er 3

Composit ion Syst ems

3.1 I nt roduct ion

Composit ionality is a mechanism to represent ent it ies in a hierarchical way. Each ent ity is
composed of several parts, which themselves are meaningful ent it ies. Each ent ity is also re-
usable in a near-in¯ nite assortment of meaningful combinat ions to form other ent it ies. Such
hierarchical representat ion of meaningful ent it ies is widely believed to be fundamental to
language (Chomsky [2]) as well as to vision, or any other kind of cognit ion (Bienenstock [1]).
On one hand, ent it ies that convey informat ion, such as sentences and scenes, decompose
naturally into a hierarchy of meaningful and generic parts, with all the possible meanings of
each part being examined. On the other hand, composit ions of parts remove ambiguit ies,
because interpretat ions of parts that do not ¯ t the contextual const raints o®ered by the
composit ion are removed from further considerat ion, making parts correct ly interpreted at
the top level of the hierarchy.

The fundamental importance of composit ionality entails addressing the mechanism in a
more principled way, and composit ion systems are devised for this purpose. A composit ion
system includes four components: (1) a set of categories, or \ labels" , for the meaningful
ent it ies; (2) for each category, a set of parameters, or \ at t ributes" , that are used to describe
ent it ies falling into this category; (3) a set of const raints on composit ions, or \ composit ion
rules" ; and (4) a set of primit ive ent it ies, or \ terminals" , which can not be further decom-
posed, and which have dē nite interpretat ions and serve as the building blocks for other
ent it ies. Any ent ity that is built per the composit ion rules from the terminals is called an
object generated by the composit ion system.

Even after a composit ion system is established, one st ill faces the following quest ion: Why is
it thecasethat the interpretat ion of a collect ion of objectsasa singlecompositeobject , when
possible, is generally favored over the interpretat ion of these same objects as independent
ent it ies? The answer is that the descript ion length of a composite object is on average
smaller than the total descript ion length of its components. This answer clearly depends
on how the objects are encoded, or, from the probability point of view, depends on the
probability measureon objects. Any reasonableprobability measureon objectsgenerated by
a composit ion system should of course address composit ionality, which is the reason why it
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is called a \ composit ional probability measure" . However, how the measure accommodates
composit ionality can be explained in many di®erent ways which lead to di®erent formalisms.
The formalism that this chapter is devoted to is the one given by Geman, et. al [6].

The chapter proceeds as follows. In x3.2, we review the formalism of composit ion systems
given in [6]. xx3.3-3.5 study probability dist ribut ions for discrete composit ion systems. For
more general t reatment , we refer the readers to [6].

3.2 De¯ nit ions and N ot at ions

In this sect ion, we collect the convent ions and dē nit ions for composit ion systems.

Convent ion. (* -Notat ion) For a set S, we will use S¤ to represent the set of ¯ nite
non-empty st rings of elements of S, i.e.,

S¤ =
1[

n= 1

f s1s2 ¢¢¢sn : si 2 S; i = 1; : : : ; ng:

This is nonstandard | usually S¤ includes the empty st ring. For any ®¤ 2 S¤, its length is
dē ned as the total number of elements in the st ring and is denoted as j®¤j,

I f P is a measure on S, then P ¤ is a measure on S¤, such that for any (measurable) subset
C ½ S¤,

P¤(C) =
1X

n= 1

Pn (C \ Sn ):

If f is a numerical funct ion on S, then f ¤ is a numerical funct ion on S¤ such that for any
®¤ = ®1 ¢¢¢®n 2 S¤, f ¤(®¤) = f (®1) ¢¢¢f (®n ). If g is a funct ion on S which takes values
in a general set V , then g¤ is a funct ion on S¤ which takes values in the set V ¤, such that
g¤(®¤) is the st ring g(®1) ¢¢¢g(®n ) 2 V ¤. Without speci¯ cat ion, a set is always assumed to
be a general set , even if all its elements are numbers.

D e¯ ni t ion 1. Given a label set N , which is always assumed to be countable, a terminal
set T, the set of labeled trees, £ , is the set of ¯ nite t rees with nonterminal nodes labeled by
elements of N and terminal (leaf) nodes labeled by elements of T.

R emar k 2.

1. T µ £ ;

2. By the label of the t ree ! 2 £ we will mean the label of its root node. We use L(! )
(L : £ ! T [ N ) to represent the label of ! ;

3. ! = l(®¤), ®¤ = ®1 ¢¢¢®n , means L(! ) = l and the left -to-right daughter subtrees of
! are ®1; : : : ®n ;

4. The ordering of daughter nodes is dist inguished. So, for example, l (®; ¯ ) 6= l(¯ ; ®)
unless ® = ¯ ;
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5. For any ! 2 £ , dē ne j! j as the total number of nodes (including terminals) in ! and
h(! ) as the height (including terminals) of ! ;

6. The yield of any t ree ! 2 £ , denoted Y(! ), is the left -to-right st ring of terminals of
! .

D e¯ ni t ion 2. A composition rule for the label l 2 N is a pair (B l ; Sl ) where B l , the
binding function, maps £ ¤ = [ 1

n= 1£ n into an arbit rary range space, R l :

B l : £ ¤ ! R l ;

and Sl , the binding support, is a dist inguished non-empty subset of R l , ; 6= Sl µ R l . The
triple

C = (T; N ; f B l ; Sl gl2 N )

is called a composition system.

R emar k 3.

1. The attr ibute value of any ! = l(®¤) 2 £ ¤ is the value of B l (®¤) and is denoted as
A(! );

2. The type of any ! 2 £ , denoted T(! ), is dē ned as as follows. If ! 2 T, then T(! ) is
! itself. If ! 2 £ l , then T(! ) is the pair (l ; A(! )).

3. For any type t, dē ne £ t as the set f ! 2 £ : T(! ) = tg. If t = (l ; b), also write £ t as
£ l ;b.

D e¯ ni t ion 3. Given a composit ion system C = (T; N ; f B l ; Sl gl2 N g), the set of objects ­
is the closure of T under f (B l ; Sl )gl2 N in £ . That is, ! 2 £ is an object (! 2 ­ ) if and
only if either ! 2 T or ! = l(®¤), where ®¤ 2 ­ ¤ and B l (®¤) 2 Sl . The set of yields of all
objects in ­ , i.e.,

f Y (! ) : ! 2 ­ g;

is called the languagegenerated by C.

R emar k 4.

1. Sl is required to be minimal. In other words, for any b 2 Sl , there is an ! 2 ­ such
that L(! ) = l and A(! ) = b;

2. We use T to represent the set of all types of objects, i.e.

T = T [ f (l ; b) : 9 ! with L(! ) = l and A(! ) = bg:

Because Sl , l 2 N , are minimal,

T = T [ f (l ; b) : l 2 N ; b 2 Sl g:

20



3. For any type t, dē ne ­ t = ­ \ £ t .

D e¯ ni t ion 4. The observable measures are

1. Q, a probability measure on T [ N with its support being the whole T [ N ;

2. Ql , a probability measure on R l with support Sl , for any l 2 N .

R emar k 5. Q and Ql induce a probability measure on T which is ident ical to Q on T,
and equals Q(l)Ql on Sl for each l 2 N . The induced measure is st ill writ ten as Q.

3.3 Composit ional Probabil i t y D ist r ibut ion and I t s Exist ence

We only consider the case where T is countable. Because N is always countable, therefore
­ is also countable. Since by dē nit ion, Sl is minimal, then Sl must be countable. Because
for any l 2 N , the support of Ql is Sl , for each b 2 Sl , Ql (b) > 0.

D e¯ ni t ion 5. A compositional probabili ty measure P on ­ with observable probabili ty
measures Q and Ql is a probability measure such that

P(! ) =

8
>><

>>:

Q(! ); for any ! 2 T

Q(l)Ql (b)
P¤(®¤)

P¤
µ

f ¯ ¤ 2 ­ ¤ : B l (¯ ¤) = bg
¶ ; for any ! = l(®¤) 2 ­ l ;b: (3.1)

For explanat ions of this formulat ion, see [6].

We now address the issue of existence of composit ional probability dist ribut ions. Obviously,
existence depends not only on the composit ion rules, but also on the observable measures
Q and Ql . However, we are more interested in results on existence which only depend on
composit ion rules. First ly, as the term \ observable" suggests, Q and Ql are determined
by data and cannot be alternated art i¯ cially to accommodate the existence of solut ion for
(3.1). Secondly, results only depending on composit ion rules are more informat ive about the
st ructures of composit ion systems, hence o®ering more insight into the criteria for \ good"
composit ion systems.

Our basic result on existence is the following proposit ion.

Pr oposit ion 4. If for any l 2 N and any b 2 Sl ,

maxf h(! ) : ! 2 ­ l ;bg < 1 (3.2)

and

maxf j®¤j : l (®¤) 2 ­ l ;bg < 1 ; (3.3)

then for any observable probabilit ies Q and Ql , there exists a composit ional probability
measure sat isfying (3.1).
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The proof of Proposit ion 4 is quite complicated. We put it in Appendix at the end of the
chapter.

Suppose (3.1) has a solut ion P. For l 2 N and b 2 Sl , write

Z l ;b =
Q(l)Ql (b)

P¤
µ

f ¯ ¤ 2 ­ ¤ : B l (¯ ¤) = bg
¶ : (3.4)

Then for t = (l ; b) 2 T and ! = l(®¤) 2 ­ t , (3.1) can be writ ten as

P(! ) = P¤(®¤)Z t ;

Let f (t; ! ) be the number of subtrees of ! with type t. By induct ion, it is easy to see that

P(! ) =
Y

t2 T

Q(t)f (t ;! )
Y

t2 T nT

Z f (t ;! )
t :

Because
Q

t2 T Q(t)f (t ;! ) = Q¤(Y (! )),

P(! ) = Q¤(Y (! ))
Y

t2 T nT

Z f (t ;! )
t = Q¤(Y (! ))Z f (! ) ; (3.5)

whereZ = f Z t gt2 T nT , f (! ) = f f (t; ! )gt2 T nT and Z f (! ) is theproduct of all Z f (t ;! )
t . Because

P is a composit ional probability dist ribut ion, for any t 2 T nT,

X

! 2 ­ t

Q¤(Y (! ))Z f (! ) =
X

! 2 ­ t

P(! ) = Q(t):

Recall that for t = (l ; b), Q(t) = Q(l)Ql (t).

Therefore, we have proved that if (3.1) has a solut ion, then the equat ion system induced by
the composit ion system with Z as the unknowns,

X

! 2 ­ t

Q¤(Y (! ))Z f (! ) = Q(t); for all t 2 T nT; (3.6)

has a solut ion given by (3.4). Conversely, if (3.6) has a solut ion Z , then P given by (3.5)
sat is̄ es (3.1). Therefore, the existence of solut ion for (3.1) is equivalent to the existence of
solut ion for (3.6).

Based on Proposit ion 4, we can prove another result on existence without assuming (3.2).

Pr oposit ion 5. Assume the set T nT is ¯ nite. Also assume for each (l ; b) 2 T , (3.3) is
sat is̄ ed. If for every t 2 T nT, the domain of convergence of the series

X

! 2 ­ t

Q¤(Y (! ))Z f (! ) (3.7)

is open inside the region Z > 0, then there is a solut ion for (3.6).
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Pr oof. Because of (3.3),

h(l ; b) = jf j®¤j : l (®¤) 2 ­ l ;b gj < 1 :

For n 2 N , let ­ n = f ! 2 ­ ; h(! ) · ng. Because T nT = f (l ; b) : ­ l ;b 6= ; g is ¯ nite, when
n is large enough, ­ n intersects with each ­ t , t 2 T . For such ­ n , both (3.2) and (3.3) are
sat is̄ ed, i.e.,

maxf h(! ) : ! 2 ­ l ;b \ ­ ng < 1

and

maxf j®¤j : l (®¤) 2 ­ l ;b \ ­ ng < 1 :

Then by Proposit ion 4, there is a composit ional probability dist ribut ion Pn on ­ n , such
that for any ! = l(®¤) 2 ­ l ;b \ ­ n ,

Pn (! ) = Q(l)Ql (b)
P¤

n (®¤)

P¤
n

µ
f ¯ ¤ 2 ­ ¤

n : B l (¯ ¤) = bg
¶ :

Note that if ! = l(®¤) 2 ­ n , then ®¤ 2 ­ ¤
n , and therefore P ¤

n (®¤) in the above formula
makes sense.

Dē ne Zn = f Z l ;b;ng as in (3.4), i.e.,

Z l ;b;n =
Q(l)Ql (b)

P¤
n

µ
f ¯ ¤ 2 ­ ¤ : B l (¯ ¤) = bg

¶ : (3.8)

Then as in (3.6),
X

! 2 ­ l ;b
h(! )· n

Q¤(Y (! ))Z f (! )
n = Q(l)Ql (b):

Since for each (l ; b) 2 T nT,

Q(l)Ql (b)
h(l ; b)

· Z l ;b;n =
Q(l)Ql (b)
X

B l (¯ ¤ )= b
l (¯ ¤ )2 ­ n

P¤
n (¯ ¤)

·
Q(l)Ql (b)
X

B l (¯ ¤ )= b
l (¯ ¤ )2 ­ n

D ¤(¯ ¤)
;

Zn are bounded. The dē nit ion of D is given by (A3.3) in Appendix.

Because T nT is ¯ nite, there is a subsequence Zn i of Zn which is uniformly convergent to,
say, » = f »l ;bg. Given any ² = f ² l ;bg, with 0 < ² l ;b < »l ;b, for large enough i , Zn i > » ¡ ²,
that is, for each (l ; b), Z l ;b;n i > »l ;b ¡ ² l ;b Therefore

X

! 2 ­ l ;b
h(! )· n i

Q¤(Y (! ))(» ¡ ²) f (! ) · Q(l)Ql (b):
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Let t ing i ! 1 and then ² ! 0, we get
X

! 2 ­ l ;b

Q¤(Y (! ))»f (! ) · Q(l)Ql (b):

By the assumpt ion that the domain of convergence of the series of (3.7) is open for each
t 2 T nT, for any ¯ = f ¯ l ;bg with ¯ l ;b > 0 being small enough,

X

! 2 ­ l ;b

Q¤(Y (! ))(» + ¯ ) f (! ) < 1 :

When i is large enough, Zn i · » + ¯ . Therefore,
X

! 2 ­ l ;b

Q¤(Y (! ))(» + ¯ ) f (! ) ¸ Q(l)Ql (b):

Let t ing ¯ ! 0, we get
X

! 2 ­ l ;b

Q¤(Y (! ))»f (! ) ¸ Q(l)Ql (b):

Therefore, » is a solut ion of (3.6). 2

Example 1. We consider the following composit ion system (also see x4.3, [6], ). Let
T = f tg, and N = f Sg. If

BS(®¤) =

(
1 when ®¤ = (¯ 1; ¯ 2); jY (¯ 1)j = jY (¯ 2)j
0 otherwise

and SS = f 1g, then ­ is the set of balanced binary t rees. The associated language is the
set of st rings of t of length 2n , n ¸ 0. Let Q(S) = p and Q(t) = q = 1 ¡ p, with p 2 (0; 1).
Then the corresponding equat ion system is

1X

n= 1

q2n
Z 2n ¡ 1 = p:

The convergence interval of the series on the left hand side of the equat ion is (¡ 1=q; 1=q),
which is open. Therefore, there is a solut ion of the equat ion on f Z > 0g.

If in the above system, we change the binding funct ion BS to

BS(®¤) =

(
1 when ®¤ = (¯ 1; ¯ 2); jY (¯ 1)j = jY (¯ 2)j or jY (¯ 2)j + 1
0 otherwise

while keeping everything else unchanged, then the generated language is the set of st rings
tn , t ¸ 1. The corresponding equat ion is

1X

n= 2

qnZ n¡ 1 = p:

Again, the convergence interval of the series on the left hand side is (¡ 1=q; 1=q), which
implies there is a solut ion for the equat ion on f Z > 0g. 2
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The following example shows the opt imality of Proposit ion 5.

Example 2. Take T = f tg, N = f Sg, and

BS(®¤) =

8
><

>:

1 if ®¤ = t
2 if ®¤ = (®; ¯ ) and L(®) = L(¯ ) = S
0 otherwise.

Then SS = f 1; 2g corresponds to the context -free grammar

S ! SS; S ! t:

Take Q(t) = u and Q(S) = v = 1 ¡ u. The probabilit ies

QS(b) =

(
p if b = 2
q = 1 ¡ p if b = 1

correspond to the product ion probabilit ies P(S ! SS) = p and P(S ! t) = q. The st ring
that the only t ree in ­ S;1 generates is t, and the set of st rings that t rees in ­ S;2 generate
is f tngn¸ 2. For each n ¸ 2, there are ¡ (2n ¡ 1)=¡ (n)¡ (n + 1) t rees with the same yield
tn . For each such tree ! , f (S; 1; ! ) = n, and f (S; 2; ! ) = n ¡ 1. Hence the corresponding
equat ion system is

8
>><

>>:

uZS;1 = vq ) ZS;1 =
vq
u1X

n= 2

(2n ¡ 2)!
(n ¡ 1)!n!

unZ n
S;1Z n¡ 1 = vp:

Subst itute ZS;1 = vqu¡ 1 into the second equat ion. The convergence domain of the result ing
power series

F (Z ) =
1X

n= 2

(2n ¡ 2)!
(n ¡ 1)!n!

(vq)nZ n¡ 1

is the closed interval [¡ 1=4vq; 1=4vq]. We know that if p > 1=2, then there is no com-
posit ional probability dist ribut ion for the grammar (see x4.3, [6]). When Z = 1=4vq, the
value of F (Z ) is vq. In order that there is a solut ion, it is necessary and su± cient that
F (1=4vq) ¸ vp, i.e., q ¸ p, or p · 1=2. 2

Example 3. The composit ion systems in Example 1 share the following propert ies.

1. The set T = T [ f (l ; b) : l 2 N ; b 2 Sl g is ¯ nite;

2. The arity of each B l is 2;

3. For each t 2 T nT,

lim sup
n! 1

jf Y (! ) : ! 2 ­ t ; jY (! )j = ngj1=n = 1:

and

lim sup
n! 1

max
Y 2 T ¤

jY j= n

jf ! 2 ­ t : jY (! )j = Ygj1=n = 1:
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4. For each t 2 T nT , there are constants 0 · ¯ s;t · 1, and K s;t ¸ 0 for all s 2 T , and
! n 2 ­ t with j! n j ! 1 , such that

¯ s;t j! n j ¡ K s;t · f (s; ! n ) · ¯ s;t j! n j + K s;t :

We show that if a composit ion system sat is̄ es the above condit ions, then for each t 2 T ,
the domain of convergence of the induced series

Ft (Z ) =
X

! 2 ­ t

Q¤(Y (! ))Z f (! )

is open inside the region Z > 0 for each t 2 T nT, and hence composit ional probability
measures always exist .

Suppose Ft converges at some Z > 0. We want to show Z is an inner point in the domain
of convergence of Ft . The series in x

Ft (Z x) =
X

! 2 ­ t

Q¤(Y (! ))Z f (! )x jf (! ) j

is a univariate power series, where jf (! )j =
P

f (t; ! ). By condit ion 2,

jf (! )j =
j! j ¡ 1

2
:

Dē ne power series

f t (x) =
X

! 2 ­ t

Q¤(Y (! ))Z f (! )x j! j ;

Let ½be the radius of convergence of f t . We will show ½> 1. Once this is proved, it is easy
to see every Z 0 < ½Z is in the domain of convergence of Ft , implying Z is an inner point of
the domain of convergence of Ft .

By condit ions 2 and 3,

lim sup
n! 1

jf ! 2 ­ t : j! j = ngj1=n = 1:

Therefore, by condit ion 4,

1
½

= lim sup
j! j! 1
! 2 ­ t

¯
¯
¯Q¤(Y (! ))Z f (! )

¯
¯
¯
1=j! j

=
Y

s2 T

Q(s)¯ s;t
Y

s2 T nT

Z ¯ s;t
s :

There are in¯ nitely many ! 2 ­ t , such that

Q¤(Y (! ))Z f (! )

=
Y

s2 T

Q(s)f (s;! )
Y

s2 T nT

Z f (s;! )
s

¸
Y

s2 T

Q(s)¯ s;t j! j+ K s;t
Y

s2 T nT
Z s ¸ 1

Z ¯ s;t j! j¡ K s;t
s

Y

s2 T nT
Z s · 1

Z ¯ s;t j! j+ K s;t
s

¸ ½¡ j! j
Y

s2 T

Q(s)K s;t
Y

s2 T nT
Z s ¸ 1

Z ¡ K s;t
s

Y

s2 T nT
Z s · 1

Z K s;t
s :

Because Fl ;b(Z ) converges, 1=½< 1. Thus ½> 1. 2
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3.4 Subsyst ems

Suppose we have a composit ion system C0 = (T0; N 0; f B l ; Sl gl2 N 0 with ­ 0 as the set of t rees.
We can build a new composit ion system in the following way. First , take ­ 0 as part of a
new terminal set T00. Suppose T00 = ­ 0 [ A, where A \ ­ 0 = ; . Then we dē ne a label
set N 00 disjoint from N 0, and for each label l 2 N 00, a composit ion rule (B l ; Sl ). The new
composit ion system C00 = (T00; N 00; f B l ; Sl gl2 N 00) is not a super-system of C0, because C0 and
C00 have disjoint label sets and composit ion rules and their terminal sets are di®erent . On
the other hand, the composit ion system C with terminal set T 0 [ A = T0 [ (T00n­ 0), label
set N [ N 0, and composit ion rules f B l ; Sl gl2 N [ N 0 is a super-sytem of C0.

The above construct ion can be formulated into the following dē nit ion.

D e¯ ni t ion 6. Suppose C = (N ; f B l ; Sl gl2 N ; T) is a composit ion system with ­ being the
set of objects. Suppose T 0 and N 0 are non-empty subsets of T and N , respect ively. For each
l 2 N 0, assume S0

l is a non-empty subset of Sl . Let C0 be the composit ion system formed
by T0; N 0, and f B l ; S0

l gl2 N 0. Let ­ 0 be the set of objects generated by C0. Since T0 6= ; , ­ 0

is not empty.

C0 is said to be a subsystem of C, denoted as C0 ½ C, if ­ 0 contains all ! 2 ­ with
L(! ) = l 2 N 0 and A(! ) 2 S0

l . The composit ion system with terminal set T [ ­ 0, label
set N1 [ N2, where N1 = N nN 0, and N2 = f l 2 N 0 : Sl nS0

l 6= ; g, and composit ion rules
f B l ; Sl gl2 N 1 [ f B l ; Sl nS0

l gl2 N 2 , is called the quot ient system of C over C0 and is denoted as
C=C0. The set of objects generated by C=C0 is denoted as ­ =­ 0. 2

Intuit ively speaking, C=C0 is an abst ract ion of C. It takes objects in C0 as terminals, which,
by dē nit ion, are not decomposable, thus losing the details about them. On the other
hand, C can be thought of as being more detailed than C=C0. The informat ion about C is
determined by that about both C=C0 and C0.

Subsystems can be used to const ruct of composit ional probability dist ribut ions. For exam-
ple, if both C0 and C=C0 sat isfy the condit ions of Proposit ion 4, then for any Q on T [ N
and Ql on Sl , l 2 N , both

P1(! ) =

8
>><

>>:

Q(! ); if ! 2 T0;

Q(l)Ql (B l (®¤))
P¤

1 (®¤)

P¤
1

µ
f ¯ ¤ 2 ­ ¤ : B l (¯ ¤) = B l (®¤)g

¶ ; if ! = l(®¤) 2 ­ 0;

and

P2(! ) =

8
>>>>><

>>>>>:

Q(! ); if ! 2 TnT0;
P1(! ); if ! 2 ­ 0;

Q(l)Ql (B l (®¤))
P¤

2 (®¤)

P¤
2

µ
f ¯ ¤ 2 ­ ¤ : B l (¯ ¤) = B l (®¤)g

¶ ; if ! = l(®¤) 2 ­ =­ 0;

have solut ions. Note that neither P1 nor P2 is a probability dist ribut ion, because each of the
sums of P1 and P2 is less than 1. The existence of the solut ions is guaranteed by Proposit ion
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6 in Appendix. On the other hand, the measure

P(! ) =

(
P1(! ); if ! 2 ­ 0

P2(! ); if ! 2 ­ =­ 0

is a composit ional probability dist ribut ion on ­ .

There is another applicat ion of subsystems. Assume we have a composit ional probability
dist ribut ion P1 on a system C0 = (T0; N 0; f B 0

l ; S0
l gl2 N 0), and the observable measures are

Q0(l ) and Q0
l (b). Suppose C0 is expanded into a larger system C. Assume the expansion does

not change Sl for any l 2 N 0. It just adds more terminals to T 0, and more labels to N 0, and
sets up rules for the new labels.

Q0(l ) now becomes the condit ional probability measure on N 0. Thus in C, the probability
of each l 2 N 0 is changed to ¸ Q0(l ), for some constant ¸ . However, for any l 2 N 0 and
any b 2 S0

l , Q0
l (b) is not changed. If all the binding funct ions B l , l 2 N 0, have the same

arity, then the probability of ! 2 ­ 0 is simply changed to ¸ P1(! ) when ! is considered as
an element in ­ . This makes enlarging a system and adjust ing the probability dist ribut ion
easy.

3.5 T he Gibbs Form of Composit ional Probabil i t y D ist r ibu-
t ions

We now discuss the Gibbs form of composit ional probability dist ribut ions. Suppose P
is a composit ional probability dist ribut ion on ­ . Then P can be formulated as in (3.5).
Extend Z = f Z t gt2 T nT to f Z t gt2 T , where for t 2 T, Z t = Q(t). Also extend f (! ) =
f f (t; ! )gt2 T nT to f f (t; ! )gt2 T . Finally, let ¸ = f logZ t gt2 T . Then P(! ) takes the form of
Gibbs dist ribut ion,

P(! ) = P¸ (! ) = exp
µ

¸ ¢f (! )
¶

: (3.9)

A special property of the Gibbs dist ribut ion (3.9) is that its normalizat ion constant is 1.

For an arbit rary ¸ , P¸ is a posit ive measure on ­ , but not necessarily a probability measure.
Among all the ¸ 's which make P¸ a probability measure on ­ , ¸ = f logZ t gt2 T has the
following minimizat ion property,

¸ = arg min
¸ 0: P¸ 0 is
a prob:

X

t2 T

Q(t) log
Q(t)

P¸ 0(­ t )
: (3.10)

Indeed, the sum on the right hand side of (3.10) is always non-negat ive. If an composit ional
dist ribut ion exists, then the sum achieves 0 at ¸ = f logZ t gt2 T . Therefore ¸ is a minimizer.
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A ppendix

In this Appendix we will prove Proposit ion 4. First , we need to int roduce some notat ions.

D e¯ ni t ion 7.

1. The mapping l : ®¤ 7! l(®¤) can be thought of as a funct ion from £ ¤ to £ l , which is
one-to-one and onto. We write its inverse as l ¡ 1;

2. The graph of any t ree ! 2 £ is a t ree with the same topology as ! but with all nodes
being unlabeled (Figure 3.1);

3. That a t ree ! is compatible with a t ree graph g, denoted as ! » g means the following.
If g is a t ree with a single node, then ! » g. If g is a t ree with daughter subtrees
g1; : : : ; gn , then ! = l(®1; : : : ; ®m ) is compat ible with g if and only if m = n and each
®i , 1 · i · m, is compat ible with gi . If ! » g, then for each node v 2 g, let ! (v)
represent the subtree of ! with v as the root ;

4. The arrangement of any ! 2 ­ , denoted E(! ), is a t ree with the same topology as !
but with each node being annotated by its type (Figure 3.1);

5. For any ! 2 £ , the depth of a subtree ! 0 is the depth of the root of ! 0 in the t ree !
and is denoted as d(! 0; ! ). By this dē nit ion, d(! ; ! ) = 1. 2

Proposit ion 4 can be expressed in a lit t le more general form, where Q is a ¯ nite posit ive
measure instead of a probability measure on T .
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Figure 3.1: A t ree ! = l(®; ¯ ) (upper left ), its graph (upper right ), its arrangement (lower
left ) and a compat ible graph. Circles are nonterminals and squares are terminals

Pr oposit ion 6. Suppose for any l 2 N and any b 2 Sl ,

maxf h(! ) : ! 2 ­ l ;bg < 1 (A3.1)

and

maxf jl ¡ 1(! )j : ! 2 ­ l ;bg < 1 : (A3.2)

Assume Q is a posit ive measure on T , with Q(t) > 0 for each t 2 T . If Q(T ) < 1 , then
there exists a composit ional probability measure sat isfying (3.1).

Our proof of Proposit ion 6 is based on the following ¯ xed point theorem, which is due to
Schauder.

T heor em Suppose X is a Banach space, C ½ X is closed and convex. If F : C ! C is
cont inuous and F (C) is sequent ially compact , then F has a ¯ xed point in C. 2

Pr oof of Pr oposit ion 6: For any type t = (l ; b), let

h(t) = max
! 2 ­ t

h(! );

m(t) = jf l ¡ 1(! ) : ! 2 ­ t gj;

n(t) = max
! 2 ­ t

jl ¡ 1(! )j:

Then h(t), m(t), and n(t) are ¯ nite. Also write h(l ; b), m(l ; b) and n(l ; b) for h(t), m(t),
and n(t), respect ively. For consistency, dē ne, for ¿ 2 T, h(¿) = 1, m(¿) = 1 and n(¿) = 0.
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Let X be the l1 space on ­ , i.e.

X =

(

x : ­ ! R : x(¿) = Q(¿); 8 ¿ 2 T;
X

! 2 ­

jx(! )j < 1

)

:

Let M = maxf Q(T ); 1g. Dē ne a posit ive measure D on ­ induct ively as follows. For
¿ 2 T, D(¿) = Q(¿) > 0. For any t = (l ; b) 2 T nT and ! = l(®¤) 2 ­ t ,

D (! ) =
Q(t)

m(t)M n(t )
D ¤(®¤): (A3.3)

For consistency, we dē ne D ¤(; ) = 1. Then D(¿) can also be writ ten in the form of (A3.3).

For ease of typing, we int roduce a new notat ion. If ¯ ¤ 2 ­ ¤ sat is̄ es B l (¯ ¤) = b 2 Sl ,
then we say ¯ ¤ is compat ible with type t = (l ; b) and use ¯ ¤ » t to represent this. For
consistency, we dē ne ; to be the only st ring that is compat ible with a type t if t 2 T.

Lemma 4. D has the following propert ies,

D (­ ) · M (A3.4)

0 <
X

¯ ¤ » t

D ¤(¯ ¤) · m(t)M n(t ) : (A3.5)

Pr oof. We will get (A3.4) by showing for all n ¸ 1,
X

h(! )· n

D(! ) · M ; (A3.6)

When n = 1, the sum equals
P

T Q(¿) · M . Assume (A3.6) is t rue for n · k. Then

X

h(! )· k+ 1

D(! ) =
X

t2 T

Q(t)

m(t)M n(t )

X

®¤ » t
h(®¤ )· k

D ¤(®¤);

where h(®¤) = max®2 ®¤ h(®). By induct ion hypothesis,

X

®¤ » t
h(®¤ )· k

D ¤(®¤) =
1X

j = 1

X

®¤ » t
h(®¤ )· k
j®¤ j= j

D ¤(®¤) ·
1X

j = 1

1f 9! 2 ­ t ; j l ¡ 1 (! )j= j gM n(t ) = m(t)M n(t ) ; (A3.7)

which, together with last equat ion, implies (A3.6). Let t ing n ! 1 in (A3.6), we then prove
(A3.4). Let t ing k ! 1 in (A3.7), we get (A3.5). 2

Lemma 5. Let g be a tree graph. To each node v 2 g, assign a type t(v), such that
t(v) 2 T nT unless v is a leaf of g. Then

X

! » g;8v2 g
T (! (v)) = t(v)

D(! ) · E (g; t); (A3.8)
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where

E(g; t) =
Y

v2 g

0 Q(t(v))
X

¯ ¤ » t(v)

D ¤(¯ ¤)
¢

Y

v2 g

00
Q(t(v)); (A3.9)

where the product ion
Q 0 runs over all non-terminal nodes of g and

Q 00 over all terminal
nodes of g.

Pr oof. When h(g) = 1, the right hand side of (A3.8) is Q(t), where t is the type assigned
to the only node in g. The left hand side of (A3.8) is the sum of

X

! 2 ­ t

D(! ) =
X

®¤ » t

Q(t)

m(t)M n(t )
D ¤(®¤):

By (A3.5), the sum is less than Q(t).

Suppose (A3.8) is t rue for all ¯ nite graphs g with h(g) · k. Given a tree graph g with
height k + 1 and daughter subtrees g1; : : : ; gn , by (A3.3) and (A3.5), for any ! » g with
T(! ) = t(v0), where v0 is the root of g,

D (! ) ·
Q(t(v0))

X

¯ ¤ » t(v0 )

D ¤(¯ ¤)
D ¤(®¤);

which leads to

X

! » g;8v2 g
T (! (v)) = t(v)

D(! ) ·
Q(t(v0))

X

¯ ¤ » t(v0 )

D ¤(¯ ¤)

X

®¤ » t(v0 )
for i = 1;:::n;®i » gi ;

8v2 gi ;T (®i (v)) = t(v)

D ¤(®¤)

·
Q(t(v0))

X

¯ ¤ » t(v0 )

D ¤(¯ ¤)

nY

i = 1

X

®i » gi ;8v2 gi
T (®i (v)) = t(v)

D(®i ):

Every h(gi ) · k. Then by induct ion, we prove (A3.8). 2

Now dē ne C as the set of all x 2 X which sat isfy the following condit ions,

C1. For any ¿ 2 T, x(¿) = Q(¿);

C2. For any ! 2 ­ , x(! ) ¸ D (! );

C3. For any t ree graph g, any assignment t : f v 2 gg ! T with t(v) 62 T unless v is a
terminal of g,

X

! » g;8v2 g
T (! (v)) = t(v)

x(! ) · E (g; t): (A3.10)
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C is not empty, because D 2 C. We want to use Schauder's ¯ xed point theorem to prove
there is a solut ion for (3.1) in C. To this end, dē ne a mapping F : C ! R­ , such that

8
>>>><

>>>>:

(F x)(¿) = x(¿); 8 ¿ 2 T

(F x)(! ) = Q(l)Ql (b)
x¤(®¤)

X

¯ ¤ 2 ­ ¤

B l (¯ )= b

x¤(¯ ¤)
; 8 ! = l(®¤) 2 ­ ; B l (®¤) = b (A3.11)

The dē nit ion (A3.11) makes sense because

0 <
X

¯ ¤ » t

x¤(¯ ¤) · m(t)M n(t ) : (A3.12)

The second half of (A3.12) can be proved in the same way as (A3.5).

It is clear that C is convex and closed. In order to show that F (C) is sequent ially compact ,
it is enough to show that F (C) ½ C and C is t ight . First we shall show that C is t ight .

Lemma 6. For any ² > 0, n ¸ 2, and ¯ nite I ½ T , there is a ¯ nite J ½ T with J ¾ I , such
that

X

(g;t )2 G

E(g; t) < ²; (A3.13)

where G = Gn (I ; J ) is the set of pairs (g; t) sat isfying the following condit ions,

G1 For each (g; t) 2 G, h(g) = n, and t : f v 2 gg ! T is a mapping such that t(v) 62 T
unless v is a terminal of g;

G2 For any v 2 g with d(v; g) · n ¡ 1, t(v) 2 I ;

G3 There is a v 2 g with d(v; g) = n such that t(v) 62 J ;

G4 The set f ! 2 ­ : ! » g, and for every v 2 g; T(! (v)) = t(v)g is not empty;

G5 Every (g; t) 2 G is maximum. That is, there are no (g; t) and (g0; t0), such that g ½ g0

and for any v 2 g, t(v) = t0(v).

Pr oof. Let N = maxt2 I n(t). Here t represents an element in T instead of a mapping to
T . Then N is the maximum number of daughter subtrees a tree ! whose type is in I can
have. By (A3.2), N is ¯ nite. Fix J ¾ I and let G = Gn (I ; J ). If g is a t ree graph with
(g; t) 2 G for some mapping t : f v 2 gg ! T , then by condit ion G4, h(g) has to be n. For
any v 2 g with d(v; g) · n ¡ 1, since t(v) 2 I , the number of daughter subtrees of v must
be less or equal to N , otherwise there would not be an ! 2 ­ with ! » g and T(! (v)) 2 I ,
cont radict ing to G4. Therefore, the set of all g with (g; t) 2 G for some t is ¯ nite. In
addit ion, this set is independent of the select ion of J ¾ I .

Given (g; t) 2 G,

E(g; t) ·
Y

v non¡
terminal

Q(t(v))
X

¯ ¤ » t(v)

D ¤(¯ ¤)

Y

v terminal
d(v;g)< n

Q(t(v))
Y

v terminal
d(v;g)= n

Q(t(v)):
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Let

R0 = max
t2 I

Q(t)
X

¯ ¤ » t

D ¤(¯ ¤)
;

and R = maxf R0; M g (recall M = maxf Q(T ); 1g). Since a non-terminal of g necessarily
has depth less than n, then

E(g; t) · Rjgj
Y

v terminal
d(v;g)= n

Q(t(v)):

Because there are only ¯ nite number of g with (g; t) 2 G for some t, jgj is bounded by a
constant , say, A. So we get

X

(g;t )2 G

E(g; t) · RA
X

(g;t )2 G

Y

v terminal
d(v;g)= n

Q(t(v)):

Not ice that A is independent of the select ion of J .

G is the union of disjoint sets G® which have the following two propert ies,

1. For any (g; t), and (g0; t0) 2 G®, g = g0, and for any v 2 g with d(v; g) < n, t(v) = t0(v);

2. If ® 6= ¯ , then for (g; t) 2 G® and (g0; t0) 2 G¯ , either g 6= g0 or there is a v 2 g with
d(v; g) < n, such that t(v) 6= t0(v).

It is easy to check that the number of G®'s is ¯ nite. In addit ion, the number is independent
of the select ion of J . Let the number be K 0. For any G®, consider

X

(g;t )2 G®

Y

v terminal
d(v;g)= n

Q(t(v)):

Since at least one of the t(v) is not in J , then the sum is bounded M a ¡ Q(J )a · M jgj ¡
Q(J ) jgj · M A ¡ Q(J )A , where a is the number of v 2 g with d(v; g) = n. We then get

X

(g;t )2 G

E(g; t) · K 0RA (M A ¡ Q(J )A ):

Again, the bound is independent of the select ion of J ¾ I . Therefore, we can choose J ¾ I
large enough to make the right hand side less than ². This proves the lemma. 2

Lemma 7. C is t ight .

Pr oof. Fix ² > 0. Then there is a ¯ nite set I 1 ½ T such that

X

t2 I 1

Q(t) <
²
2

:
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Dē ne

H = max
t2 I 1

h(t):

By Lemma 6, there is a nested sequence of ¯ nite sets I 2 ½ I 3 : : : ½ I H with I 2 ¾ I 1, such
that

X

(g;t )2 Gk (I k ¡ 1 ;I k )

E(g; t) <
²

2H
; for 2 · k · H ;

where Gk (I k¡ 1; I k ) are dē ned as in Lemma 6.

Dē ne ~S1 = f ! : T(! ) 62 I 1g. For 2 · k · H , dē ne ~Sk as the set of ! which sat isfy the
following condit ions

1. For any i , 1 · i < k, for any ! 0 ½ ! with d(! 0; ! ) = i , T(! ) 2 I i ;

2. There is an ! 0 ½ ! with d(! 0; ! ) = k such that T(! 0) 62 I k .

Then ~Si are disjoint and

H[

i = 1

~Si = f ! : there is an i ; 1 · i · k; and ! 0 ½ ! with d(! 0; ! ) = i ; T(! 0) 62 I i g

Because I k are increasing, for k, 2 · k · H , ~Sk ½ Sk , where Sk is the set of ! sat isfying

1. For any ! 0 ½ ! with d(! 0; ! ) < k, T(! ) 2 I k¡ 1;

2. There is an ! 0 ½ ! with d(! 0; ! ) = k such that T(! 0) 62 I k .

It is easy to see that for k, 2 · k · H ,

Sk =
[

(g;t )2 Gk (I k ¡ 1 ;I k )

f ! : ! » g; T(! (v)) = t(v); for any v 2 gg:

Therefore, by (A3.10), for k, 2 · k · H ,

X

! 2 ~Sk

x(! ) ·
X

! 2 Sk

x(! ) ·
X

(g;t )2 Gk

E(g; t) ·
²

2H
:

We also have
X

! 2 ~S1

x(! ) =
X

T (! )62 I 1

x(! ) ·
²
2

:

Thus we get

x

Ã H[

i = 1

~Si

!

· ²:
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Because every ! with T(! ) 2 I 1 has height less or equal to H , therefore if ! 2 A, where

A =

Ã H[

i = 1

~Si

! c

= f ! : for any i ; 1 · i · H ; and ! 0 ½ ! ; with d(! 0; ! ) = i ; T(! 0) 2 I i g;

then h(! ) · H , and for each ! 0 ½ ! , T(! 0) 2 I i ½ I H . Therefore, each label of E (! ) is in
I H . Since the correspondence between objects and their arrangements is one-to-one, then
A is a ¯ nite set . Thus we get x(Ac) < ². This completes the proof that C is t ight . 2

Now we prove F (C) ½ C. For any x 2 C, condit ion C1 is clearly sat is̄ ed. By (A3.3),
(A3.11), and (A3.12), for any type t = (l ; b) 2 T nT, for any ! = l(®¤) 2 ­ t ,

(F x)(! ) = Q(t)
x¤(®¤)

X

¯ ¤ » t

x¤(¯ ¤)
¸ Q(t)

D ¤(®¤)

m(t)M n(t )
= D(! ):

As for C3, if a t ree graph g is of height 1, then for any t assigned to the single node in g,
X

! » g;8v2 g
T (! (v)) = t(v)

(F x)(! ) = Q(t) = E(g; t):

The case where h(g) ¸ 2 can then be proved following the proof of (A3.8).

The only thing that remains to show is the cont inuity of F . For this purpose, we shall use
the following version of dominance convergence theorem without giving its proof.

Lemma 8. Let º be a posit ive measure on a measurable space X . Suppose f f ng, f gng are
sequences of measurable funct ions on X such that jf n j · gn , 8 n ¸ 1, f n ! f , º -a.s. and
gn ! g, º -a.s. If

lim
n! 1

Z
gn dº =

Z
g dº < 1 ;

then

lim
n! 1

Z
f n dº =

Z
f dº :

2
Cont inuing the proof, suppose xn ! x in C, i.e.,

P
! 2 ­ kxn (! ) ¡ x(! )k ! 0. Let yn = F (xn )

and y = F (x). We want to show kyn ¡ yk =
P

! 2 ­ kyn (! ) ¡ y(! )k ! 0. The sum is
dominated by

P
! 2 ­ gn (! ), where gn = yn + y.

Our plan is to show that for each ! , yn (! ) ! y(! ). Then gn (! ) ! 2y(! ). Since
P

! 2 ­ gn (! ) ´ 2
P

! 2 ­ y(! ) = 2M , then by the above dominance convergence result ,
P

! 2 ­ kyn (! ) ¡ y(! )k ! 0.

Now we show yn (! ) ! y(! ). Given t = (l ; b) 2 T nT, for any ! = l(®¤) 2 ­ t ,

¯
¯
¯
¯
¯
¯

X

B l (®¤ )= b

x¤
n (®¤) ¡

X

B l (®¤ )= b

x¤(®¤)

¯
¯
¯
¯
¯
¯

·
h(t )X

k= 1

¯
¯
¯
¯
¯
¯
¯
¯
¯

X

B l (®¤ )= b
j®¤ j= k

x¤
n (®¤) ¡

X

B l (®¤ )= b
j®¤ j= k

x¤(®¤)

¯
¯
¯
¯
¯
¯
¯
¯
¯
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For each k, 1 · k · h(t),
X

B l (®¤ )= b
j®¤ j= k

jx¤
n (®¤) ¡ x¤(®¤)j

·
X

B l (®¤ )= b
j®¤ j= k

kX

i = 1

x¤(®1 ¢¢¢®i ¡ 1) jxn (®i ) ¡ x(®i )j x¤
n (®i + 1 ¢¢¢®k )

· kM k¡ 1kxn ¡ xk ! 0;

leading to
X

B l (®¤ )= b

x¤
n (®¤) !

X

B l (®¤ )= b

x¤(®¤) > 0:

Therefore,

Q(t)
x¤

n (®¤)
X

B L ( ! ) (¯ ¤ )= b

xn (¯ ¤)
! Q(t)

x¤(®¤)
X

B L ( ! ) (¯ ¤ )= b

x(¯ ¤);

i.e., yn (! ) ! y(! ), complet ing the proof. 2
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