Chapter 3

Composition Systems

3.1 Introduction

Compositionality is a mechanism to represent entities in a hierarchical way. Each entity is
composed of several parts, which themselves are meaningful entities. Each entity isalso re-
usablein a near-in nite assortment of meaningful combinationsto form other entities. Such
hierarchical representation of meaningful entities is widely believed to be fundamental to
language (Chomsky [2]) aswell asto vision, or any other kind of cognition (Bienenstock [1]).
On one hand, entities that convey information, such as sentences and scenes, decompose
naturally into a hierarchy of meaningful and generic parts, with all the possible meanings of
each part being examined. On the other hand, compositions of parts remove ambiguities,
because interpretations of parts that do not t the contextual constraints o®ered by the
composition are removed from further consideration, making parts correctly interpreted at
the top level of the hierarchy.

The fundamental importance of compasitionality entails addressing the mechanism in a
more principled way, and composition systems are devised for this purpose. A composition
system includes four components: (1) a set of categories, or \labels', for the meaningful
entities; (2) for each category, a set of parameters, or \ attributes', that are used to describe
entities falling into this category; (3) a set of constraints on compaositions, or \ composition
rules’; and (4) a set of primitive entities, or \terminals', which can not be further decom-
posed, and which have de nite interpretations and serve as the building blocks for other
entities. Any entity that is built per the composition rules from the terminalsis called an
object generated by the composition system.

Even after a composition system is established, one still faces the following question: Why is
it thecasethat theinterpretation of a collection of objectsasa single composite object, when
possible, is generally favored over the interpretation of these same objects as independent
entities? The answer is that the description length of a compaosite object is on average
smaller than the total description length of its components. This answer clearly depends
on how the objects are encoded, or, from the probability point of view, depends on the
probability measure on abjects. Any reasonable probability measure on objects generated by
a composition system should of course address compositionality, which is the reason why it

18



is called a\ compositional probability measure". However, how the measure accommodates
compositionality can be explained in many di®erent ways which lead to di®erent formalisms.
The formalism that this chapter is devoted to is the one given by Geman, et. al [6].

The chapter proceeds as follows. In x3.2, we review the formalism of composition systems
given in [6]. xx3.3-3.5 study probability distributions for discrete composition systems. For
more general treatment, we refer the readersto [6].

3.2 De nitions and Notations

In this section, we collect the conventions and de nitions for composition systems.

Convention. (*-Notat ion) For a set S, we will use S” to represent the set of nite
non-empty strings of elements of S, i.e,,

¢
S°= fsisp@tls, : s 2 S;i=1;:::;ng:

n=1

Thisisnonstandard | usually S” includes the empty string. For any ®" 2 S7, itslength is
de ned as the total number of elementsin the string and is denoted as j®"j,

If P isameasureon S, then P” is a measure on S°, such that for any (measurable) subset
C S

P*(C) = * P"(C\ S"):
n=1
If f isa numerical function on S, then f ® is a numerical function on S” such that for any
®" = ®; ¢¢®, 2 S°, f%(®") = f(®) ¢¢ef (®,). If gisa function on S which takes values
in a general set V, then g° is a function on S® which takes values in the set V°, such that
g°(®") isthe string g(®,) ¢¢¢g(®,) 2 V°. Without speci cation, a set is always assumed to
be a general set, even if all its elements are numbers.

De nition 1. Given a lakel s& N, which is always assumed to be countahle, a terminal
sd T, the set of lakeled trees £, isthe set of nite trees with nonterminal nodes labeled by
elements of N and terminal (leaf) nodes labeled by elements of T.

Remark 2.
1. TuéE;

2. By the lakel of the tree! 2 £ we will mean the label of its root node. We use L(!)
(L:£! T[ N)torepresent the label of ! ;

3. = (@), ® = ® ¢¢t®,, means L(! ) = | and the left-to-right daughter subtrees of
I are®y;:::®;

4. The ordering of daughter nodes is distinguished. So, for example, I(®; ) 6 I( ;®)
unless®=
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5. Forany ! 2 £, de nej! j asthetotal number of nodes (including terminals) in ! and
h(! ) as the height (including terminals) of ! ;

6. Theyield of any tree! 2 £, denoted Y (! ), is the left-to-right string of terminals of
I,
De nition 2. A composition rule for the label | 2 N is a pair (B|;S;) where B, the
binding function, maps £° = [ }1_,£" into an arbitrary range space, R;:

B, TER Ri;

and S, the binding support, is a distinguished non-empty subset of Ry, ; 6 S 4 R|. The
triple

C= (T;N;fBi;Si92n)

is called a composition system.

Remark 3.

1. The attribute value of any ! = I(®") 2 £° is the value of B|(®") and is denoted as
A(l);

2. Thetypeof any ! 2 £, denoted T(! ), isde ned asasfollows. If! 2 T, then T(!) is
Iitsef. If ! 2 £/, then T(! ) isthe pair (I;A(!)).

3. For any typet,de nef£; astheset f! 2 £ : T(!)=tg. Ift= (l;b), alsowrite£ as

De nition 3. Given a composition system C= (T;N;fB;; Sg2n0), the set of ohects -
isthe closure of T under f(B|;S))g2n iN£. That is,! 2 £ isan object (! 2 -) if and
only if either ! 2 T or ! = [(®"), where ® 2 - ® and B|(®") 2 S;. The set of yields of all
objectsin -, i.e,

fy(t):1 2-g;

is called the language generated by C.

Remark 4.

1. S isrequired to be minimal. In other words, for any b2 S, thereisan! 2 - such
that L(! )=1land A(') = b,

2. Weuse T torepresent the set of all types of objects, i.e.
T=T[f(;b: 9! withL(')=1and A(!) = by:
Because Sj, | 2 N, are minimal,

T=T[f(;b:12N; b2 Sg:
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3. For any typet,de ne-{= -\ £.

De nition 4. The obsevalle measuresare
1. Q, a probability measureon T [ N with its support being thewhole T[ N;

2. Q;, a probability measure on R| with support S, for any | 2 N.

Remark 5. Q and Q, induce a probability measure on T which is identical to Q on T,
and equals Q(NQ, on S for each | 2 N. The induced measure is still written as Q.

3.3 Compositional Probability Distribution and Its Existence

We only consider the case where T is countable. Because N is always countable, therefore
- isalso countable. Since by de nition, S; is minimal, then S; must be countable. Because
for any | 2 N, the support of Q, is S}, for each b2 S}, Q;(b) > 0.

De nition 5. A compositional probability measure P on - with obsevale probahility
measures Q and Q, is a probability measure such that

g Q('); forany! 2T
_ P*(®) . _ .
P()= 5 Q(HQ(b) — §; forany! = (@) 2 -,  (3.1)
: P* £7°2-7: B)("% = g

For explanations of this formulation, see [6].

We now address the issue of existence of compositional probability distributions. Obvioudly,
existence depends not only on the composition rules, but also on the observable measures
Q and Q,. However, we are more interested in results on existence which only depend on
composition rules. Firstly, as the term \ observable" suggests, Q and Q; are determined
by data and cannot be alternated arti cially to accommodate the existence of solution for
(3.1). Secondly, results only depending on composition rules are more informative about the
structures of composition systems, hence o®ering more insight into the criteria for \ good"”
composition systems.

Our basic result on existence is the following proposition.
Proposition 4. Ifforany |2 N and any b2 S,
maxfh(!): ! 2-p9< 1 (3.2
and
maxfj®j : 1(®") 2 - pg< 1 ; (3.3

then for any observable probabilities Q and Q), there exists a compositional probability
measure satisfying (3.1).
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The proof of Proposition 4 is quite complicated. We put it in Appendix at the end of the
chapter.

Suppose (3.1) has a solution P. For 1 2 N and b2 S, write

Zip= DA % (3.4)

P® £7°2-°: B|("%) =g

Thenfort= (I;0) 2T and! = I(®") 2 - ¢, (3.1) can be written as

P(1) = PU(@)2Zs;

Let f (t;!) bethe number of subtrees of ! with typet. By induction, it is easy to see that

Y Y
. f(t;!).
P(I)= Q@@ — zI®,
t2T t2TnT

BecausthZT Q) ) = Q2(Y (1)),

P()= Q(Y()) z{W = Qv )z (3.5)
t2TnT

whereZ = fZigorar, (1) = £ (t;1 g7t and ZF () istheproduct of all Z! '), Because
P isa compositional probability distribution, for any t 2 TnT,

X
QY (1 )z = P() = Q(t):

12-¢ 12-4
Recall that for t = (I;b), Q(t) = Q()Q(t).

Therefore, we have proved that if (3.1) has a solution, then the equation system induced by
the composition system with Z as the unknowns,

QY ( )NZT) = Q(t); foralt2 TnT; (3.6)
12-¢

has a solution given by (3.4). Conversely, if (3.6) has a solution Z, then P given by (3.5)
satis es (3.1). Therefore, the existence of solution for (3.1) is equivalent to the existence of
solution for (3.6).

Based on Proposition 4, we can prove another result on existence without assuming (3.2).

Proposition 5. Assume the set TnT is nite. Also assume for each (I;b) 2 T, (3.3) is
satis ed. If for every t 2 TnT, the domain of convergence of the series

QY (t)z'®) (3.7)

12-4

is open inside theregion Z > 0, then there is a solution for (3.6).
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Proof. Because of (3.3),

h(l;b) = jfj®j: (@) 2-1pg<1:
Forn2 N,let-,=fl 2-;h(')- ng BecauseTnT = f(I;b) :- .16 ;gis nite, when
n islarge enough, - , intersects with each - ¢, t 2 T. For such - ,,, both (3.2) and (3.3) are
satis ed, i.e.,

maxfh(!): ! 2 -5\ -pg<1

and

maxfj®j : I(®") 2 - ;p\ - ng< 1:

Then by Proposition 4, there is a compositional probability distribution P, on - ,, such
that for any ! = I(®") 2 - |\ -,

P2(®°
Pa(t) = QOQuD—#—— ) g
P, f°2-7:B("%)=hy
Note that if I = I(®") 2 -, then ® 2 - ;, and therefore P;(®") in the above formula
makes sense.

De neZ, = fZpngasin (3.4), i.e,

T = QDO . =8

PS f7°2-°: B|("%) = by

Then asin (3.6),

QY (I NZH!) = Q(IyQi(b):
121
h(!)- n

Since for each (I;b) 2 TnT,

Q@) —, —_  ROA®d - Qb
h(l;b) - PR D)’
Bi("°)=b Bi("%)=b
%)z 152+ o

Z, are bounded. The de nition of D is given by (A3.3) in Appendix.

Because TnT is nite, there is a subsequence Z,,, of Z, which is uniformly convergent to,
say, » = f».pg. Given any 2 = f2,,9, with 0 < 2., < ».,, for large enough i, Zn, > »j 2,
that is, for each (I;b), Zj.on, > i 2:p Therefore

QY Ni ') Q()Qi(b):
1'2-1p
h(1)- ni
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Lettingi! 1 andthen2! 0, we get
QY ()Y ) QQi(b):

F2- 1

By the assumption that the domain of convergence of the series of (3.7) is open for each
t2 TnT, forany = f |.,,0with |.,> 0 being small enough,

QUY(I )N+ <1

12-1.p

When i is large enough, Z,, - »+ . Therefore,

QYN+ )™ | Q(hQi(b:

12 1p
Letting ! 0, we get
Q*(Y(1))» ), Q)b
1 2-1p
Therefore, » is a solution of (3.6). 2

Example 1. We consider the following composition system (also see x4.3, [6], ). Let
T =ftg,and N = fSg. If

1 when® = (T4; 2:iY(CDi=iY(2i

Bs(®) = 0 otherwise

and Sg = flg, then - isthe set of balanced binary trees. The associated language is the
set of stringsof t of length 2", n, 0. Let Q(S) = pand Q(t) = q= 1 p, with p2 (0;1).
Then the corresponding equation system is

n=1
The convergence interval of the series on the left hand side of the eguation is (j 1=g; 1=q),
which is open. Therefore, thereis a solution of the equation on fZ > Og.

If in the above system, we change the binding function Bg to

1 when® = (g; 2)ijY(i=iY(2iorjY(2)j+1

Bs(®) = 0 otherwise

while keeping everything else unchanged, then the generated language is the set of strings
t", t, 1. The corresponding equation is

anni 1_ p:
n=2

Again, the convergence interval of the series on the left hand side is (j 1=q; 1=q), which
implies there is a solution for the equation on fZ > 0Og. 2
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T he following example shows the optimality of Proposition 5.

Example 2. TakeT = ftg, N = fSg, and
8

21 ifed=t
Bs(®") = S 2 if®@=(® )andL(® =L()=S
0 otherwise

Then Ss = f1,; 2g corresponds to the context-free grammar

S! S§; S! t:
Take Q(t) = uand Q(S) = v= 1 u. The probabilities
(
P if b= 2
QsMO=" 421/ p ifb=1
correspond to the production probabilities P(S! SS) = pand P(S! t) = g The string
that the only treein - 5.1 generatesist, and the set of strings that treesin - s.» generate
isft"gn, 2. For each n | 2 therearej(2ni 1)=j (n)i (n + 1) trees with the same yield
t". For each such tree!, f(S;1;!) = n,and f(S;2;! ) = nj 1. Hence the corresponding
equation system is

: V

E uZS;l = VQ) ZS;l = Uq
@i 2! fon oni1
(i it Z3,Z" = vp

Substitute Zs.;; = vqui ! into the second equation. The convergence domain of the resulting
power series

_X (2n52)! n—-nj 1l
F(Z) = n:zm(vq) z

is the closed interval [j 1=4vq; 1=4vqg]. We know that if p > 1=2, then there is no com-
positional probability distribution for the grammar (see x4.3, [6]). When Z = 1=4vq, the
value of F(Z) isvq. In order that there is a solution, it is necessary and suz cient that
F(1=4vqg), vp,i.e,q, p,orp- 1=2. 2

Example 3. The composition systemsin Example 1 share the following properties.

1. Theset T=T][ f(I;b:12 N;b2 Sgis nite
2. Thearity of each B, is 2;
3. For eacht2 TnT,
limsupjfY(!): ! 2-¢ jY()j= ngt" = 1
n' 1
and

. £ _ Lo 1Yi = -1=n — .
Ilrr]r!wlup \E(r;z%x ifr2-¢:9YM)j=Yyg 1
jYj=n
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4. For eacht 2 TnT, thereareconstants0- ;- 1, andKs¢, Oforals2 T, and

st nji Kst s f(sitn) - sl nj + Ksit:

We show that if a composition system satis es the above conditions, then for eacht 2 T,
the domain of convergence of the induced series

X |
F(z)= QX(v(nz'®
12-¢
is open inside the region Z > 0 for each t 2 TnT, and hence compositional probability
measures always exist.

Suppose F; converges at some Z > 0. We want to show Z is an inner point in the domain
of convergence of F;. The seriesin x

X . .
Fizx) = QU(Y(1)Z" )
12-4
P
is a univariate power series, wherejf (! )j=  f(t;!). By condition 2,

. oy 1
| = .
it ()i >

De ne power series
X . T
fe(x) = QU(Y (1 )Z" )
124

Let Y2be the radius of convergence of f;. We will show %2> 1. Oncethisis proved, it is easy
to see every Z%< ¥Z isin the domain of convergence of Fy, implying Z is an inner point of
the domain of convergence of F;.

By conditions 2 and 3,

limsupjf! 2-¢: jlj= ng*™" = 1L
n! 1

Therefore, by condition 4,_

1 . _a f( )lej! j Y - Y .
v limsup Q (Y (!))z"" = Q(s) * Zgst:
2 jijpa s2T s2TnT
12-¢
Therearein nitely many ! 2 - ¢, such that
Q (v )z'®
— f(s;! Y f (s;!
= Q' ziEh)
SYZT s2TnT v
Q(S)_s;tj! j+Ks:t Zs_s;tj! ji Ksit Zs_s;tj! j+Ksit
s2T s2T nT s2TnT
% vl y =
il Ks: i Ks: Ks:t -
S w1 Q(S) it ZS' it ZS it
s2T s2TnT s2TnT
Zs, 1 Zs- 1
Because F|.,(Z) converges, 1=2< 1. Thus ¥2> 1. 2
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3.4 Subsystems

Suppose we have a composition system C°= (TS NG fB,; Sjgono with - Pasthe set of trees.
We can build a new composition system in the following way. First, take - ° as part of a
new terminal set T® Suppose T®= -9 A, where A\ - %= ;. Then we de ne a label
set N@digjoint from NC and for each label | 2 N®@ a composition rule (B;;S;). The new
composition system C®= (T2 N® {B,; S;g»n®) is not a super-system of C° because C°and
C® have digjoint label sets and composition rules and their terminal sets are di®erent. On
the other hand, the composition system C with terminal set T°[ A = TO[ (T%- 9, label
set N[ N© and composition rulesfB; Sigian no is a super-sytem of @

The above construction can be formulated into the following de nition.

De nition 6. Suppose C= (N;fB;Sgon;T) isacomposition system with - being the
set of objects. Suppose Tand N %are non-empty subsetsof T and N, respectively. For each
| 2 N© assume S is a non-empty subset of S;. Let C° be the composition system formed
by TANC and fBy; ST2no. Let - Obe the set of objects generated by C° Since T°6 ;, - ©
is not empty.

? is said to be a subsystem of C, denoted as C° % C, if - © contains all ! 2 - with
L(!) =12 N%and A(!) 2 S% The composition system with terminal set T [ - © label
set Ny [ N, where Ny = NnN0 and N, = fl 2 N%: SnS°6 ; g, and composition rules
fB1;Sig2n, [ FB1; SINSWI2n,, is called the quotient system of C over C°and is denoted as
C=C° The set of objects generated by C=C°is denoted as - = © 2

Intuitively speaking, C=C%is an abstraction of C. It takes objects in C°as terminals, which,
by de nition, are not decomposable, thus losing the details about them. On the other
hand, C can be thought of as being more detailed than C=C°. The information about Cis
determined by that about both C=C°and C°

Subsystems can be used to construct of compositional probability distributions. For exam-
ple, if both C° and C=C° satisfy the conditions of Proposition 4, then for any Q on T[ N
and Q, on S, 2 N, both

g Q(); ift 2T¢
_ P (@) Loy 0
Pi(') = 3 Q(NQI(B(®)) — £ if! = 1(@)2-°
- Pe £7°2-°1B() = By(&)g
and
8
% Q) if1 2 TnT®
Pl(' if1 2 -
PZ(”_E Q)0 (1) P2(®) g i1 =|@)2-=0
P, f°2-%:B("") = B|(®g

have solutions. Notethat neither P, nor P, isa probability distribution, because each of the
sumsof P; and P, islessthan 1. The existence of the solutionsis guaranteed by Proposition
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6 in Appendix. On the other hand, the measure

Pi(l); if! 2-0
P() = plEg%; 1220

is a compositional probability distribution on - .

There is another application of subsystems. Assume we have a compositional probability
distribution P; on a system C°= (TSN%fBP%S%2n0), and the observable measures are
QYI) and QXb). Suppose C°is expanded into a larger system C. Assume the expansion does
not change S; for any | 2 N© It just adds more terminalsto T and more labelsto N© and
sets up rules for the new labels.

QY1) now becomes the conditional probability measure on N® Thus in C, the probability
of each | 2 NYis changed to , QYl), for some constant ,. However, for any | 2 N°and
any b2 S° QXb) is not changed. If all the binding functions B, | 2 N have the same
arity, then the probability of | 2 - %is simply changed to , P1(! ) when ! is considered as
an element in - . This makes enlarging a system and adjusting the probability distribution
easy.

3.5 The Gibbs Form of Compositional Probability Distribu-
tions

We now discuss the Gibbs form of compositional probability distributions. Suppose P
is a compositional probability distribution on - . Then P can be formulated as in (3.5).
Extend Z = fZiGio1nt tO fZtGor, Wherefor t 2 T, Z; = Q(t). Also extend f(!) =
ff(t;! )0t tOff(t;! )02, Finaly, let | = flogZigiot. Then P(! ) takes the form of
Gibbs distribution,
H )l
Pl)=P()=ep ,ef(l) : (3.9

A special property of the Gibbs distribution (3.9) is that its normalization constant is 1.

For an arbitrary , , P_ isapositive measureon - , but not necessarily a probability measure.
Among all the | 's which make P a probability measure on -, , = flogZigiot has the
following minimization property,

X
, = arg min Q(t) log PQ(t) :
Lop 0istoT ,O(' t)
a prob:

(3.10)

Indeed, the sum on theright hand side of (3.10) is always non-negative. If an compositional
distribution exists, then the sum achievesO at , = flogZigi>7. Therefore, isa minimizer.
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Appendix
In this Appendix we will prove Proposition 4. First, we need to introduce some notations.
De nition 7.

1. The mapping | : ® 7 [(®") can be thought of as a function from £° to £, which is

one-to-one and onto. We writeitsinverseas|i 1;

2. Thegraphof any tree! 2 £ isatreewith the sametopology as! but with all nodes
being unlabeled (Figure 3.1);

3. That atree! iscompatible with atreegraph g, denoted as! » g meansthe following.
If g is atree with a single node, then ! » g. If g is a tree with daughter subtrees

®, 1 i- m,iscompatible with g. If! » g, then for each nodev 2 g, let ! (v)
represent the subtree of ! with v astheroot;

4. The arrangement of any ! 2 -, denoted E(! ), is a tree with the same topology as !
but with each node being annotated by its type (Figure 3.1);

5. For any ! 2 £, the depth of a subtree ! %is the depth of the root of ! %in the tree!
and isdenoted asd(! ¢! ). By this de nition, d(! ;!) = 1. 2

Proposition 4 can be expressed in a little more general form, where Q is a nite positive
measure instead of a probability measureon T.

29



(W)
I(a) | (b) P

W) /\ /\\

th
T(w)
T(@) T(b)
T(W)
PN
/N
et t, /N

Figure 3.1: A tree! = I(®; ) (upper left), its graph (upper right), its arrangement (lower
left) and a compatible graph. Circles are nonterminals and squares are terminals
Proposition 6. Suppose for any | 2 N and any b2 S,
maxfh(!): ! 2-1,0<1 (A3.1)
and
maxfjli 2(1)j: ! 2-pg< 1: (A3.2)

Assume Q is a positive measure on T, with Q(t) > Ofor eacht 2 T. If Q(T) < 1, then
there exists a compositional probability measure satisfying (3.1).

Our proof of Proposition 6 is based on the following ~xed point theorem, which is due to
Schauder.

Theorem Suppose X is a Banach space, C ¥2 X isclosed and convex. IfF : C! Cis
continuous and F (C) is sequentially compact, then F hasa xed point in C. 2

Proof of Proposition 6: For any typet = (I;b), let

h(t) = Imza_lxh(!);
m(t) = jflil(): 1 2-.q;
n(t) = ,rgc'gllei Y)j:

Then h(t), m(t), and n(t) are nite. Also write h(l;b), m(l;b) and n(l;b) for h(t), m(t),
and n(t), respectively. For consistency, de ne, for ¢ 2 T, h(¢) = 1, m(¢) = Land n(¢) = 0.
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Let X bethel! spaceon -, i.e.
( X )
X= x:-1 R:x(¢)=0Q(); 8¢2T; x(M)j<1
12-

Let M = maxfQ(T);1g. De ne a positive measure D on - inductively as follows. For
¢2T,D(¢)=Q(¢)>0. Foranyt=(l;b)2 TnT and! = I(®R°) 2 -4,

QY peer). (A3.3)

RERTOIVIG

For consistency, wede neD?”(;) = 1. Then D(¢) can also bewritten in the form of (A3.3).

For ease of typing, we introduce a new notation. If " 2 - " satisesBj( ) = b2 S,
then we say ~ “ is compatible with typet = (I;b) and use " ° » t to represent this. For
consistency, we de ne; to betheonly string that is compatible with atypetift2 T.

Lemma 4. D hasthe following properties,

D(-)- M (A3.4)

X
0< D% - m(t)M"O: (A3.5)

TEnt

Proof. We will get (A3.4) by showing for all n | 1,

D(!) - M; (A3.6)
h(!)- n

P
When n = 1, thesum equals 1 Q(¢) - M. Assume (A3.6) istruefor n - k. Then

X Q(1) X a
D(l)= ——~ _ D*(@Y;
¢) 21 MM " @ »t )

h(t)- k+1 hER L

where h(®") = maxgper h(®). By induction hypothesis,

o R X o * n(t) n(t)
D (®n) = D (®n) : ‘ lig1 5. i 1 )J:JgM = m(t)M ,(A37)

®°» t j=1 ®»t ji=1
h(@)- k h(@)- k
1®Fj=]

which, together with last equation, implies (A3.6). Lettingn! 1 in (A3.6), wethen prove
(A3.4). Lettingk! 1 in (A3.7), we get (A3.5). 2

Lemma 5. Let g be atree graph. To each node v 2 g, assign a type t(v), such that
t(v) 2 TnT unlessv isaleaf of g. Then
D() - E(gt); (A3.8)
I »0;8v2g

T (V)=tWV)
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where

g = CxQWD T ). (A3.9)
v2g D ( ) v2g

TE»t(v)

Q

where the production Qo runs over all non-terminal nodes of g and ~® over all terminal

nodes of g.

Proof. When h(g) = 1, theright hand side of (A3.8) is Q(t), wheret is the type assigned
to the only node in g. The left hand side of (A3.8) is the sum of

_ X QM) oy
!2-tD(! ) ) ®°»tm(t)Mn(t)D (®n)
By (A3.5), the sum is less than Q(t).

Suppose (A3.8) is true for all nite graphs g with h(g) - k. Given a tree graph g with
height k + 1 and daughter subtrees gi;:::;0n, by (A3.3) and (A3.5), for any ! » g with
T(!) = t(vo), where vp istheroot of g,

;(Q(t(VO)) Dn(®u),

D) oo
D ()
“"» t(vo)
which leads to
X
by - Q) o°(@)
I »g;8v2g D7) ®» t(vo)
T (V)=t(v) o> t(vo) for i=1::n;®»g;;
8v2gi;T(® (v))=t(v)
t(v Y
Qi) D(@®):
D( ) i=1 ®»g:8v2g
“%» t(vo) T(® (V) =t(v)
Every h(g) - k. Then by induction, we prove (A3.8). 2

Now de ne C asthe set of all x 2 X which satisfy the following conditions,

Cl Forany ¢ 2 T, x(¢) = Q(¢);
C2. Forany! 2-,x(!), D();

C3. For any tree graph g, any assignment t : fv 2 gg! T witht(v) 8 T unlessv isa
terminal of g,

x() - E(git): (A3.10)
I »g;8v2g
T (V)=t(V)
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C isnot empty, because D 2 C. We want to use Schauder's xed point theorem to prove
there is a solution for (3.1) in C. To thisend, de neamappingF : C! R, such that

S (F)(0) = () v 22T
E (Fx)() = Q(l)@(b)%; 81 =1(@)2-B@)=b (a3
' B1)=b

The de nition (A3.11) makes sense because

X
0< X*(T%) - m(t)M"O:; (A3.12)

TEnt

The second half of (A3.12) can be proved in the same way as (A3.5).

It isclear that C isconvex and closed. In order to show that F (C) is sequentially compact,
it is enough to show that F(C) 2 C and C istight. First we shall show that C istight.

Lemma6. Forany2> 0,n, 2 and nitel T, thereisa nited T with J %1, such

that
X
E(g:it) < 2 (A3.13)

(g:)2G

where G = G, (l;J) isthe set of pairs (g;t) satisfying the following conditions,

Gl For each (g;t) 2 G, h(g) = n,andt:fv2gg! T isamappingsuchthat t(v)8 T
unlessv is a terminal of g;

G2 Forany v2 gwithd(v;g)- nj 1,t(v)21;
G3 Thereisav 2 g with d(v;g) = n such that t(v) 8 J;

G4 Theset f! 2- :1 » g, and for every v2 g; T(! (v)) = t(v)gis not empty;

G5 Every (g;t) 2 G ismaximum. That is, there are no (g;t) and (g%t9, such that g % g°

and for any v 2 g, t(v) = tYv).

Proof. Let N = max;; n(t). Heret represents an element in T instead of a mapping to
T. Then N is the maximum number of daughter subtrees a tree! whose typeisin | can
have. By (A3.2), N is nite. FixJ %1 and let G = Gp(l;J). If gisa tree graph with
(g;t) 2 G for some mappingt:fv2 gg! T, then by condition G4, h(g) hasto ben. For
any v2 gwithd(v;g) - nj 1, sincet(v) 2 |, the number of daughter subtrees of v must
be less or equal to N, otherwise there would not bean! 2 - with! » gand T(! (v)) 21,
contradicting to G4. Therefore, the set of all g with (g;t) 2 G for some t is nite. In
addition, this set isindependent of the selection of J %41 .

Given (g;t) 2 G,
t(v Y
EG) SUU QUMW) QUW):
vV nonj D°( ) v terminal v terminal
terminal T t(v) d(v;g)<n d(v;g)=n
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Let

Ro = max 9(7Q(t)_ ;
t21 D“( “)

TEnt

and R = maxfRg; Mg (recall M = maxfQ(T); 1g). Since a non-terminal of g necessarily
has depth less than n, then

. Y
E(git) - RY Q(t(v)):
v terminal
d(v;g)=n

Because there are only nite number of g with (g;t) 2 G for some t, jgj is bounded by a
constant, say, A. So we get

X Y
E(git) - RA Q(t(v)):

(9:1)2G (g;)2G v terminal
d(v;g)=n

Notice that A isindependent of the selection of J.

G isthe union of digoint sets G which have the following two properties,

1. For any (g;t), and (g®t9 2 Ge, g= ¢ and for any v 2 gwith d(v;g) < n, t(v) = tqv);

2. If ®6 ~, then for (g;t) 2 Ge and (g%t% 2 G-, either g6 g®or thereisav 2 g with
d(v;g) < n, such that t(v) 6 tqv).

It is easy to check that the number of Gg'sis nite. In addition, the number isindependent
of the selection of J. Let the number be K. For any Gg, consider

X
Q(t(v)):

1)2Ge Vv terminal
(9:1)2Ge v

Since at least one of the t(v) is not in J, then the sum is bounded M2 Q(J)2 - MI¥;
Q)Y . MA; Q(I)A, where aisthe number of v 2 g with d(v;g) = n. We then get

E(git) - KoRA(MA i Q)*):
(ai1)2G

Again, the bound is independent of the selection of J % 1. Therefore, we can choose J 341
large enough to make the right hand side less than 2. This proves the lemma. 2

Lemma 7. C istight.

Proof. Fix 2> 0. Then thereisa niteset 11 % T such that

Q) < 3

t211
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De ne
H = rtg?? h(t):

By Lemma 6, there is a nested sequence of nitesetsl, Y2 13::: % Iy with 12 %14, such
that

2
E(g;t) < =—:; for2- k- H;
(9:1)2Gk (Tk; 131k) 2H

where Gy (lk; 1;1k) are de ned asin Lemma 6.
DeneS;=f! : T(!)B 1,9 For2- k- H,de ne S asthe set of ! which satisfy the
following conditions

1. Foranyi,1- i<k, forany!9%! withd(!%!)=1i,T()2I;;

2. Thereisan ! %% ! with d(! 4! ) = k such that T(! 9 8 Iy.
Then S; are digoint and

S =fl : thereisani;1- i- k; and!%%! withd(!®1)=i; T(198Ig

Because | areincreasing, for k, 2- k- H, S¢ %2 Sy, where Sy isthe set of | satisfying

1. For any ! %% 1 with d(! %1) < k, T(!) 2 Iy 1;

2. Thereisan ! %% ! withd(! %! ) = k such that T(! 9 8 Iy.

It iseasy to seethat for k,2- k- H,

Sk = [ fl o1 »g T (V) =t(v); for any v 2 gg:

(9:1)2Gk (1k; 151%)

Therefore, by (A3.10), for k, 2- k- H,

G- x0T E@Y - .
x(!) - x(1) - g;t) - =——:
125, 128y (9i1)2Gk 2H
We also have
X X 2
x(1) = x(!) -
123, T(!')8l1
Thus we get
A !
[
X S 2
i=1



Because every ! with T(!) 2 I, has height less or equal to H, thereforeif ! 2 A, where
A ¢
A= S =fl :foranyi;1- i- H;and!%%!: withd(! ) =i;T(92lig;
i=1
then h(!) - H, and for each ! °% 1, T(1 9 2 |I; % 1. Therefore, each label of E(! ) isin
Iy . Since the correspondence between objects and their arrangements is one-to-one, then
A isa niteset. Thuswe get x(A®) < 2. This completes the proof that C is tight. 2

Now we prove F(C) Y2 C. For any x 2 C, condition C1 is clearly satis ed. By (A3.3),
(A3.11), and (A3.12), for any typet = (I;b) 2 TnT, for any ! = I(®") 2 -,

_ om XK@ D@ _ .
(FX)() = QUX— 255 Qo = DO):

5t

Asfor C3, if atree graph g is of height 1, then for any t assigned to the single nodein g,
(Fx)(1) = Q(t) = E(g;t):

I »Q;8v2g
T (v)=t(v)
The case where h(g) , 2 can then be proved following the proof of (A3.8).

The only thing that remains to show is the continuity of F. For this purpose, we shall use
the following version of dominance convergence theorem without giving its proof.

Lemma 8. Let © bea positive measure on a measurable space X . Supposeff,g, fgygare
sequences of measurable functions on X such that jfnj- g4, 8n, 1, f,! f,°%-as and
o! g,°-as If

Z Z
Iinl1 ghd®= gd°<1;

n!

then
4 4
lim fydo= f d°
n' 1
p 2
Continuing the proof, supposex, ! xinC,i.e, H 2- kxn( )i x(")k! 0. Let yn = F(Xn)
and y = F(X)P We want to show ky, i yk = 5. kyn(!) i y(!)k! 0. The sum is

dominated by ;. gn(!), whereg, = yn + .

Qur plan is to éi;,ow that for each ', yo(') ! y(!). Then g,(*) ! 2y(!). Since
pl2- on(!) "~ 2 ,,.y(!) = 2M, then by the above dominance convergence result,
2. kyn(1) i y(t)k! 0.

Now we show yo(! ) ! y(!). Givent= (I;b) 2 TnT, forany ! = [(®°) 2 - ¢,

K

X _ X
Xn(€F) | x*(@)- Xn(®) | x°(®)
B/()=b B/(€)=b k=128,(@")=b B|()=b
j@j=k j@j=k
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For each k, 1- k- h(t),

leading to

Therefore,

e, yn(!)!

xn(€) i x°(€);
Bi(®)=b
j@"j=k

X XK
X (® ¢ 1) jXn(®) | X(&)] Xp(®+ 1 CEOR))

B(®)=bi=1
j®j=k

kM X Tkx, i xk! O;

X (®%) ! X x*(®") > 0:

B|(®)=b B (®)=b
Xn( ) x(7);
BLo)(?)=b BLo)(®)=b

y(! ), completing the proof.

37



